Math S5H - Honors Ordinary Differential Equation

Duc Vu
Taught by Pete Riley
Pasadena City College

Update: July 11, 2020

This is the last math class in the math sequence at PCC. It is taken during Spring 2020 (Covid-19
period) and thus is online. We use the book Elementary Differential Equations and Boundary Value
Problems by Boyce and Diprima (11" edition). Even though this is an ODE class, we also got to touch
a bit upon PDE and Fourier Series (heat conduction problem). Please let me know if you find any

mistakes/typos in this notes and I will try to fix them as soon as I can.
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Duc Vu (Spring 2020) 1 Introduction

1 Introduction

1.1 Classification of ODE
1.1.1 Order

Example 1.1.1
y/// + 2€ty// + yy/ _ t4
Here we can observe that the highest order of the derivative is 3 which is also the order of the differential

equation.

Generalizing it to n'” order ODE, we obtain:

Flt,u(t), ' (t),...,u"(t)] =0

=

yr =ty vy YY)

= Simply put, to solve an ODE means to get rid of the derivative. The solution interval of validity is
a<t<p.
3¢ 3:
&L ", 0" exist.
and satisfy

¢"(t) = flt,6(t),¢'(t),...,¢" ' (t)] Vte(af)

1.1.2 Linear & Non-linear

General linear of order n:
ao()y™ + a1y + ...+ an(t)y = 9(t)
Note: Dependent variables have to be linear

Example 1.1.2

t2y" — 3ty + 4y = 0: linear
y" + Qety" +yy = t*: nonlinear
y" — 3y + y? = 0: nonlinear

2. nonlinear

y(g) +uyy +siny =z
A notable example of nonlinear differential equation in physics is the differential equation of the

motion of a simple pendulum, which can be expressed as

a0 g .
ﬁ—f—zsmgzo

4
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For 6 ~ 0, the equation can be simplified to

d*0

7l L %0 =0 (linearization)

1.1.3 Autonomous & Non-autonomous

Example 1.1.3

y' = —1 — 2y: autonomous

y' =t + 2y: non-autonomous

From the example above, we can observe that autonomous equation does not depend on t (doesn’t

contain t) while non-autonomous equation does (contain t)

2 First Order Differential Equations

2.1 Linear Equations: Method of Integrating Factors

Template for 1st order linear ODE:

% +pt)y = g(t)

p and g are continuous on interval o < ¢t < 3.

Example 2.1.1
v +2y=te ™, y(1)=0 (1)

What would happen if we multiply Eq.(1) by e*'?
62ty/ + 262ty — t

(ezty)l _ e2ty’+262ty

/ (eXy) dt = / tdt

1

ye?t = 5752 +C (1.1)
1
y = 57526—% + Ce 2 (1.2)
Now, consider the IC:
1 2 2
0= 56 + Ce
1
€T3
So,
1 1
y = 51&2@—% = 56—% (1.3)
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In the example above, 1.1 is referred to as implicit general solution, 1.2 is called explicit general
solution and 1.3 is explicit particular solution

Generalize:
Y +p(t)y = g(t) 2

Integrating factor:

pu(t) = exp / p(t)dt

Multiply Eq.(2) by p(t) gives us:
p(@)y + ut)p(t)y = pt)g(t)
We want the LHS to be result from the product rule which is px(¢)p(t)y = 1/ (t)y. So,

' (t) = p(t)p(t)

pt)

u(t) p(?)
d
< nu(t) = p(t)

In pu(t) = / p(&)dt + K
wu(t) = exp /p(t)dt (choose k = 0)
Example 2.1.2
y +3y=t+e

Let’s find the integrating factor

u(t) = exp [ ple)ds

= exp / 3dt

3t

Multiply by the integrating factor by both sides gives:
y'e3t 4 3yedt = te3t + el
/ (yet) dt = / (te* + €') dt

1 1

yedt = gte:at_§€:>,t+et+c
1 1

y=—-t—-+e 2

3 9 + ce 3t

Ol

As t — oo, y — oo and y asymptotically approach the linear function y = %t —
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Example 2.1.3
y =ty+(t-1) (*)

Rearrange the equation so that it fits the template
y — t2y =t—1

Here p(t) = —t2, g(t) =t — 1. Then,

Multiply (*) by p(t):

y’e_%ts — t2e_%t3y L (t—1)

/(ye§t3>/dt—/ —5t’ (t—1)dt
e_%tgy = /e_étg(t —1)dt

The integral above has non-elementary solution and thus requires numerical approx.

2.2 Separable Equations

dy
dy
M(z,y) + N(z,y)—— =0 4)

dx
We can derive Eq.(4) from Eq.(3) by setting M (x,y) = — f(x,y) and N(z,y) = 1. However, if M is a
function of x only and N is a function of y only then Eq.(4) becomes
dy
dx

called separable. The differential form can be expressed as

M(z)+ N(y)—— =0
M (z)dxz + N(y)dy =0

Example 2.2.1
2

- x
YTy
dy z2
dr  y(1+a3)

d —
/yy /1+x3
fy = ln}1+x3|+c1

2
3y2—21n\1+x3} =@

where ¢ = 6¢1. We can see that the solution is implicit and general
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Example 2.2.2

Solve the IVP in explicit form (non-linear)
/(1 + 2y)dy = /Zxd:n

y+1y2 =22 +c

Using the IC, we obtain:

0=2"+c
c=—4

Sy+yi=22-4

Let’s manipulate this equation so that it’s in particular explicit form instead of particular implicit.

1 1
2 2
— — 4+ =
yrytg=e =
y—l—1 QZJ:Q—E
2 4
15
=4+ 2
Y+ x 1
1 15
Yy T 4

The IC would dictate the + sign. Since y(2) = 0, then

y= V& 4

Let us also try to determine the interval in which the solution is defined. We need x> — % >0=a> @

orx < _T\/ﬁ Since y(2) = 0 is our IC, y > @ is the interval we want to find

Example 2.2.3

y’ =2x+\/y — 1 (non-linear)

2xdx

@t*

—1=2%+c¢
L s
y—lzi(aj +¢)

(x2 + 0)2

=

ylx) =1+

— Singular solution: y(x) = 0.

Note: There is no singular solution in linear DE
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Figure 1: Linear case

THEOREM If the function p and g are continuous on an open interval [ : o < t < 3 (Fig 1)
2.1 containing the point ¢ = ¢, then there exists a unique function y = ¢(¢) that satisfies

the differential equation
y' +p(t)y = g(t)
for each t in I, and that also satisfies the initial condition
y(to) = yo

where 1 is an arbitrary prescribed initial value

|
[
& to—h ty to+h B

Figure 2: Nonlinear case

THEOREM

Let the functions f and %5 be continuous in some rectangle « <t < 5,7 <y < d
2.2

containing the point (g, yo) (shown in Fig 2). Then, in some interval t) — h < t <
to + h contained in o« < ¢t < f3, there is a unique solution y = ¢(¢) of the initial

value problem
y = f(ty),  y(to) =wo

2.3 Exact Equation

(2xy2 + 2y) + (2x2y + 2:6) y =0 *)
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‘We can observe:

Y(z,y) = 22y + 22y

a—w = 2my2 + 2y
ox
% = 222y + 2z
Jy

So, we can rewrite (*) as

3 2,2 2 2,2 dy _
E (:By +2xy)+ay (my —|—2wy) da;_o

But notice, if we assume y = y(z) recalling the chain rule of the LHS is - (2?y? + 2zy) = 0. This
means:
2.2 _
xy“ 4+ 2zy =C

is also a solution to (*). More generally given:
M(z,y) + N(z,y)y’ =0 (*%)

if we can identify a function ¢ = 1 (z, y) such that

7V (z,) = M(z,y)

%@mzNww

and such that ¢(z,y) = c defines y = ¢(z) implicitly as a differential of x. Then (**) becomes
L[z, ¢(x)] = 0. Solution of (**) is given as:

Y(z,y) =c
(**) is exact — My (x,y) = N(x,y). Proof in one direction from Clairaut’s Theorem:
0 5}
=M@y md =Ny

My(xay) = Q;Z)xy and Nx(x,y) = djyx
Note: Clairaut’s Theorem shows that ¢,y = 1y,

Example 2.3.1
dy  az—by

dx __ba:—cy

Rewrite it in differential form:

(bx — cy)dy = —(azx — by)dz
(ax — by)dz + (bx — cy)dy =0
My=-b , N;=0b
My # N,

= Not exact!

10
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Example 2.3.2
(g—l—Gx)dm—l—(lnx—Q)dy:O, x>0
x
Here,
1

My =N, = -

which is exact. So,
F(x,y) >

Yo = M(z,y) = < + 6

Yy =N(z,y) =lnz —2
Let’s integrate 1), with respect to x x to find i
= / Y+ 6uda
x
Y = yln|z| + 32° + h(y)
Then, in order to find h(y), we need to use 1,

Yy=Inz+h(y) =Inz—2
W (y) = —2
h(y) = -2y +c

Therefore,

P(x,y) :ylnx—|—3$2—2y+c (choose ¢ = 0)

ylnz + 322 — 2y =c

Example 2.3.3
(ye*™ + ) dx + bre*™¥dy = 0 (*)

Find b so that (*) is exact.
Here, M (z,y) = ye*® + z, and N(z,y) = bze*¥. We need M, = N,

M, = 2yze®™ + &2

N, = be*™¥ + 2bzye*™V

=b=1

Solve it using the similar method, we obtain:

e+ 2% =c

11
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Using Integrating Factor

M(z,y)dx + N(z,y)dy =0

maybe exact, but what if it’s not exact? Then, we need to utilize integrating factor.
plz, y)M (2, y)de + p(z, y)N(z,y)dy = 0

Maybe Jp(x) or p(y):

My—N,
Case 1 If 22 2= s 4 function of x only, then p = p(z) can be found by solving di = SLr
Case 2 If 22— 5 4 function of y only then ;1 = (y) and can be found by solving % d” =N MMy :

Example 2.3.4

ydx + (Q:By — e_Qy) dy=0
which is certainly not exact. Notice:

Ny — M, 2y—1
My

which is a function of y only. 3 = p(y) >

du 2y—1

I /(2—>

In || =2y —In|y| (choose ¢ =0)

p| = e2v—Inly|
ey
B=—
Y
Now, we can multiply the function by p,
2y 2y 2y
e—ydw 4F <€2xy — ee2y> dy =20
Y Y Y

which is exact!. Therefore, there must exist 1 (x,y) >

Yo = M(z,y) = €%

1
Yy = N(z,y) = 2ze™ — —
Y

/Q,Z)zdx = ze®¥ + h(y)
Py = 2ze® + b/ (y)
h(y) = —Inly|

Y(z,y) = 20e® —Injy| = c

12
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2.4 Homogeneous Equation

dy
% _f(xay)

is homogeneous if f does not depend on x and y separately but depends only on the ration £ or g

dy Yy
- F <
7 =)
Example 2.4.1
dy _w+3y
dﬂf B =19
which is equal to
3
dy 14+
dx 1— %
= homogeneous!
Example 2.4.2
@ B y4 + 233'y3 _ 3.%'2y2 _ 2[133y
de — 2x%y? — 223y — 214
2 392 2
_— x4 + T - wLQ - ?y
= -
24— 22
Y
— (2
&)
Example 2.4.3
dy _ 2 +3y°
der 2y
_1+3(9)°
2(%)
Substituting v = g — % _ x% s
. dv 14 302
U J—
dr v

dv_1+3v — 22

/dx [
1—i—v2

In(1+v%) =Inz|+a

1+ 02
In =
||

m(Fy .
23 )~

=cy where cy = e

z? + 9% = colzf?

> +y® —cx® =0

13
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2.5 Bernoulli Equation

— +p()y = q(=)y" @)

Assume p(x), g(z) are continuous on (a,b), n € R
If n = 0 or n = 1, then reduce to linear.
Dividing (*) by y' " :

-n dy 1-n __
y dx+p@w = q(x)

Now, let v = y*~". This implies that % =(1- n)y‘”%. (*) then becomes:

1 dv
2 pla = g(a)
Example 2.5.1
ﬂ B r2 +2rf
g 62

Let’s manipulate this equation to fit the template

dr 2 1,
a0 6 e

Dividing it by r? :

o6 e
Substituting v =r'~2 =71 o &b = _,—2dr
dv 2 1
s
o 0 62
dv B 2 1
00" e
Using integrating factor:
92
0) =
r(0) = —

Singular solution: r(0) =0

2.6 Autonomous ODEs / Population Dynamics

Recall:

dy
E_f(y)

is autonomous.

Exponential Growth

14
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Rate of change is proportional to the current population.
dy _
dt

r = rate of growth (r > 0)

Ty

r = rate of decay (r < 0)

Logistic growth
The growth rate is a function that depends on the current population
dy
2 _hn
o = M)y
We want: h(y) ~ r > 0, where y is small.
— h(y) decreases as y grow larger.
— h(y) < 0 when sufficiently large.
Simplest model:
h(y) =7 —ay
a,r € RT
d
% (r —ay)y

Note: Ansatz is an educated guess

Logistic Equation:

r = intrinsic growth rate — CC% =r (1 = %y) This yields 2 constant solutions. (k = 7 )

y=¢(0)=0 and y=0¢() =k
= Equilibrium solution

Case 1
y = k : sink (asymptotically stable)

Case 2

y = 0 : source (unstable solution)

3 Second Order Linear Equations

3.1 Homogeneous Equations with Constant Coefficients

d?y dy .
W =f (tvya dt) *)

— linear if f is linear in y and y’. We have:

General form:

Y +pt)y + q(t)y = g(t)

15
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Or

P(t)y" +Q(t)y' + R(t)y = G(t)

If G(t) = 0 (forcing term), then equation is homogeneous.

IVP:
IC: y(to) =yo and y'(to) = yg
Then,
ay” +by +cy=0, a,bceR, a#0
Consider:
y// _ y — 0
y' =y
=  y=€c , yp=c
Thus,

Yy = clet + coe

which is called the principle of superposition.

ay” +by +cy=0
y(t) = e (%)
y/(t) ,rert

y// (t) T2 ert

Substitute into (**):

ar?e™ + bre" 4 ce™t = 0
et (ar2 +br + c) =0
ar’ +br4+c¢=0 (characteristics equation)

. —b+ b2 —4ac

2a

Example 3.1.1

y' +3y+2y=0

r+3r—2=0 (characteristics equation)
(r+2)(r+1)=0
r=-—2, r9=—1

y(t) = cre” + cae™

16



Duc Vu (Spring 2020) 3 Second Order Linear Equations

Example 3.1.2

y' =2y —2y=0

r?—2r—2=0
(r—1)%>=3
r=1+v3

y(t) = Cle(lf\/g)t —+ 026(1+\/§)t

Example 3.1.3
' +8 -9 =0 y(1)=1 ¢y(1)=0

r24+8r+9=0
rr=-9 m=1
y(t) = cre’ + coe™™

y(t) = ke~ + ke (1)
where ¢1 = kie™1, co = koe®. Using the first IC, we have

1= kletil e kgefg(til)
ki+ko=1

For the 2nd IC,

0=Fk1 — 9%k
9 1
k1 10’ ko = 0
y(t) = %675 1 %OB—Q(t—l)
So, overall we have different cases for r:
Case 1 (Distinct Root) Shown in Fig 3
y
™ T2 t

Figure 3: b> — 4ac > 0

17
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Figure 4: b2 — 4ac < 0

Case 2 (Complex Root) Shown in Fig 4

Case 3 (Repeated Root) Shown in Fig 5

Figure 5: b?> — 4ac =0

3.2 Fundamental Solution of Linear Homogeneous Equation

Differential Operator:

Li¢] = ¢" + po + q¢

L=D?+pD+¢q, D:derivative operator

y=o¢(t), Lyl =y" +pt)y +q(t)y=0 (*)

Example 3.2.1
tit—4)yy +3ty' +4y=2, y(3)=0

Find the largest interval where we are guaranteed unique solution.

Standard form:
3 4 2

y+t@—®y:t@—®

18
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Dom(p(t)) = {t]t # 4}
Doml(q(t)) = {tlt # 0,4}
Dom(g(t)) = {t]t # 0,4}

- 0<t<4

Figure 6: Interval of solution

Consider:

IC: y(to) = vo, ¥ (o) = g

— Wronskian determinant:

W =W (y1,y2)(to)

which leads to the following theorem

19
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13120108 Suppose that 1 and s are two solutions of Eq.(*),
3.1

Llyl =" + p(t)y + q(t)y = 0,

and that the Wronskian
W =y — vy

is not the zero at the point £y where the initial condition

y(to) = vo, ¥ (to) =

are assigned. Then there is a choice of the constants c;, co for which y =
c1y1(t) + coya(t) satisfies the differential equation (*) and the initial condition

above.

THEOREM Abel’s Theorem

3.2
If y; and y5 are solutions of the differential equation

Lyl =y" + p(t)y + q(t)y =0

where p and q are continuous on an open interval I, then the Wronskian W (y1, y2) (%)

is given by
W (y1, y2)(t) = cexp [— / p(t)dt]

where c is a certain constant that depends on y; and ys but not on t. Further,

W (y1,y2)(t) either is zero for all tin I (if ¢ = 0 ) or else is never zero in I (if ¢ # 0)

Proof.

Yl +pt)yy +qt)y1 =0 ©)
Yy +p(t)ys +q(t)y =0 (©6)

Multiply Eq.(5) by —y2 and Eq.(6) by y; and add them, we obtain:
(y1y5 — ¥iy2) + (1) (195 — yiy2) =0 ™
Let W (t) = y1y5 — yy2. Then,

W'(t) = [yiys + v1ys] — [V1vh + yive)
= y1Ys — Y12

20
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Then, Eq.(7) becomes:

3.3 Complex Roots of the Characteristics Equation
Consider:
ay” +by +cy=0

The characteristics equation is

ar’ +br+c¢=0

If 2 — 4ac < 0, then

rr=A+1ip
ro =A—1

So,

y1(t) = eXtinlt

ya(t) = e in)t
Euler’s Formula:
o tn
t_ — —
e = Z ol oo <t<oo
n=0
o0 o
% _ (it)"
€ = Z n!
n=0
o0 o0
) -1 nt2n -1 n—1t2n—1
=Y iy
n=0 ( n) n=1 ( n )
e = cost + isint

e = cos(ut) + 4 sin(put)
ATt — M (cos(ut) + i sin(ut))

Real-valued solution:

D1(8) + a(£) = M (cos(put) + isin(ut)) + e (cos(uit) — isin(ut))
= 2eM cos(put)

21
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3 Second Order Linear Equations

which is real. Also,

y1(t) — ya(t) = 2ie™ sin(ut)

is real and 27 is actually just a number and can be thought as an acceptable real solution. Overall, we have

y(t) = creM cos(ut) + coe sin(put) (*)
Example 3.3.1

3u" —u +2u=0,

IC: u(0)=2, 4 (0)=0
Characteristics Equation:

3’ —r+2=0

1 V23,
r=—-+x—1
6 6
1 23 23 V23
A= & M \Cu(t) = cle% cos —t + 626’% sin

t
6
Using ICs, we obtain:

t
€6 sin
V23 6
Ast — 0o, u(t) — +oo

3.4 Repeated Roots

ay” +by +cy=0
For repeated roots:

b2 —4dac=0

—b
T =79 = —
1 2 2,

But how do we find the 2" solution? — Method of d’Alembert (1717-1783). Our ansatz would be:

y(t) = v(t)y1(t)

Example 3.4.1

9y" +6y +y=0

9% +6r+1=0

1 =t
rn =ro9=—— — ces3

22
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3 Second Order Linear Equations

— yg(t) =tes

Generalize:

Assume: b2 — 4ac = 0. So,

1"
Yy =v

Substitute into ay” + by’ + cy = 0

{a

CLU// + (_

Thus,

and the Wronskian is

v=-c1t+cy

—bt
yi(t) =e2a
y=v(t)en

/ JR=D" [
y =V € 2a — —Pe 2a
2a

b —bt b2 —bt
—v'e2a + ——ve2a
4q?

—bt

"oZar _

[y"] + bly'] + cv} e =0

p b2 b2
b+b — = — =
+)v+<4a 2a+c>v 0
v =0
U/261
’U261t+62

—bt

y(t) = crte2a + coe2a

—bt —bt

e 2a te 2a
T b 2t bty 2t
me (1-35)em
bt
=ea #0 Vt

23
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Example 3.4.2
16y" + 24y +9y =0

Char. Equation:

16r? +24r +9 =0

Note:
If

T =T =
Then,

y//:O

Yy =-cit + co

3.5 Method of Underdetermined Coefficients

Lyl = y" + p(t)y' + q(t)y = g(¢) (*)
Lyl =y" +pt)y +q(t)y =0 (%)

=01 1f Y] and Y; are 2 solutions of (¥), then their difference Y - Y5 is a solution of

3.3 corresponding homogeneous equation
LIVi] — L[Ya] = 0
If y1 and y5 are a fundamental set of solution, then
Yi(t) = Ya(t) = c1y1(t) + coya(t)

where ¢; and ¢y are certain constants.

1131505108 The general solution of the nonhomogeneous equation (*) can be written in the form

3.4
y=o(t) = c1y1(t) + coya(t) + Y(2)

where y; and ys are a fundamental set of solutions of the corresponding homogeneous
equation (**) , c; and ¢y are arbitrary constants, and Y is some specific solution of

the nonhomogeneous equation (*)
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* g(t) is a polynomial, exponential, sin, cos, etc (not a ratio of some functions or tan)

Example 3.5.1
y" =5y +6y=—be" (7)

1. Solve the corresponding homogeneous equation

r> —5r+6=0

7”1:3, 7"2:2

t

Ye(t) = c1€3t + cpe® : complementary solution

2. Find a particular solution
Ansatz: Y (t) = Ae™!

Y'(t) = —Ae™?
Y"(t) = Ae™!

Substitute into Eq.(7)

Ae P+ 547t +64e = —5e !

Ae D
12
o —t

3. Put everything together

2t t

— —e

y(t) = cre’ + cge T

Example 3.5.2
y" + 2y + 5y = 3sin(2t)

Char. Equation:

2 4+2r+5=0
r=-1+2

Ye(t) = cre " cos 2t + cge ' sin 2t
Ansatz : Y (t) = Asin2t + Bcos2t (note: Y (t) = Asin2t doesn’t work)

Y'(t) = 2A cos 2t — 2B sin 2t
Y"(t) = —4Asin 2t — 4B cos 2t

Substitute into the original equation, we get:

—4Asin2t — 4B cos 2t +4A cos 2t — 4B sin 2t + 5Asin 2t + 5B cos 2t = 3 sin 2¢
(A—4B)sin2t + (4A + B) cos2t = 3sin 2t
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So,
A-4B=3 = A=3 B=32
4A+B =0
y(t) = cre "t cos 2t + coe” " sin 2t + % sin 2t — 1—3 cos 2t

Example 3.5.3
()

20" + 3y +y =2+ 3sint

Solve char. equation
2r2 +3r4+1=0

=1

Y(t) = Yi(t) + Ya(t)
g(t) = g1(t) + g2(t)

where g1 (t) = t? and go(t) = 3sint. For gi(t) :

Ypl(t) = At2 + Bt+C
pll(t) =24t+ B
"
Yo =24

Sub into (*) but ignore 3sint
2(24) + 3(2A4t + B) + At*> + Bt + C = ¢

A=1
B=-6
C=14

Yy =t —6t+14

For pa(t) :

Yo,

Y;Q(t) = Dcost — Esint

() = Dsint + Ecost

Y;f;(t) = —Dsint — E cost

Sub into (*) and ignore t>

y(t) =Y+ Y + Y

3 9
:cle_% +026_t+t2 —6t+ 14 — TOSint_ TOCOSt
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Note: If Y (¢) ansatz duplicates a term in . then modify the ansatz by multiplying it by t. If doesn’t
work, then keep going with ¢2,¢3, ...

3.6 Variation of Parameters

y" + 4y = 3csc 2t, 0<t<g

can’t use undetermined coeflicients. For y. :

y'+4y=0
r24+4=0
r=+42

Ye = €1 €08 2t + cosin 2t

Basic idea here is to replace ¢ and ¢ with uq (t) and us(t).
y = uq(t) cos 2t + ug sin 2t
2 unknowns but only 1 equation = underdetermined system. So Lagrange imposed another restriction

' (t) = —2uy sin 2t + u) cos 2t + 2us cos 2t + uf sin 2t

We have
uy(t) cos 2t + ub(t) sin2t =0 (*%)
So,
y' = —2uq sin 2t + 2us cos 2t
y" = —4uy cos 2t — 2u sin 2t — 4us sin 2t + 2us cos 2t
Sub into the original DE:
—2u) sin 2t + 2uf, cos 2t = 3csc 2t (*)

Lagrange viewed (**) and (**%*) as a pair of linear algebraic equations for 2 unknowns
3
b= —cot2t
Us 5 co

3

[ —
Uy = 9

3

ul(t) = —515 + C1

ug(t) = 2 In (sin 2t) + co

3 3
y(t) = (—2t + 01> cos 2t + (4 In(sin 2¢) + 62> sin 2t

3 3
= ¢y cos2t + cpsin 2t — §t cos 2t + 1 sin 2¢ In(sin 2t)
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y" +p(t)y +q(t)y = g(t)
where p, g, r are continuous. Assume:
Ye(t) = c1y1(t) + caya(?)
Then, our ansatz is y(t) = u1(t)y1(t) + uz(t)y2(t) and
y' = uiyr +ury) + uys + uzyy
Uiy + upyz = 0
y' = ury] + uayh
y" = uyy +uryy + upyh + usyy
After lots of algebra,
wi[yy + pyy + qui] + ualys + pys + aye] + iy + urys = g(t)

Since the first two term equal to 0, u}y} + u5yhH = g(t). We can deduce:

)= st
! W (y1,y2)(1)

_ Y29
(t) = y1(t)g(t) _ Jm = — [ Blde + C)
(?Jl;?ﬂ)(t) Uy = f ngdt + CZ
So,
=—y1/y29dt+ 2/y19dt
Example 3.6.1
t
e
y' -2ty =10

Homogeneous Equation:
y' =2y +y=0
r’—2r+1=0
TN =T9 = 1
Yo = cltet + C2€t

where 31 = tet and ys = €' and g(t) = The Wronskian determinant can be computed:

1+t2

w

. ¢ 1+¢2 ¢ 1+¢2

1
= tel arctant — €' (2 In (1 + t2)>

Our final solution is

1
y(t) = cite! + coe® + te' arctant — iet In(1 4+ %)
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4 Series Solutions of Second Order Linear Equations

4.1 Review of Power Series

Power series:
o
n
E an(x‘_'$0)
n=0

converges at a point x if

m
lim Z an(z — xo)"
m—0o0

n=0

exists for that x. It trivially converge for z = x.
oo
— Z an(z — xo)"
n=0
converges absolutely at point X if
e.o]
Z lan(x — z0)"| converges
n=0

Jp € R (radius of convergence) such that Y an(x — o)™ converges absolutely for |z — zo| < p and
diverge for |z — xo| > p
p = 0 only at z if converges for all x and p = co. If p > 0 then the interval |x — 29| < p is called an

interval of convergence.

o] ! ! o
‘.

To—p Zo o+ p

Figure 7: Interval of Convergence

Example 4.1.1

i (=1)"n*(z +2)"

n=1 3"
Ratio Test: ( )2( ) "
. n+1)%(x+2)" 3" 1
o 3ntin2(z +2)0 | Pl
for the series to be absolutely convergent,
1
—3<r+2<3
—-H<zr<l1
So, p=3. Forx = —5:
o0 o
(=1)"n?(=3)" 2
D P BL
n=0 n=1
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which is divergent. Forx =1 :

co n 23n ge
YU -
n=1 n=1

which is also divergent. Therefore, interval of convergence is (—5, 1).

We can observe that

converges to f(z) and likewise
oo
Z bn(z — x0)"
n=0

converges to g(z) for |z — xo| < p. Then, g(x) £ f(x) = > 2 ((an £ by)(x — zo)™. Then,

o
= Z en(x — )"
n=0

where ¢, = ZZ:1 agb, i (Cauchy product)

o0

= Z an(z — xo)"
n=0
[o¢]

= Z nan(z — o)1

E n(n — 1)an(z — z)" 2
n=2

Taylor Series for function f about x — xg is

o0
£ ()
f(=) :ZT(fU*%O)n’ p>0
n=0
fis analytic at z = g
Example 4.1.2
f(@) =3

is not analytic at xog = 0 since f"(0) d.n.e

is not analytic at zo = 1 since f'(z) d.n.e

Reindexing:

30



Duc Vu (Spring 2020) 4 Series Solutions of Second Order Linear Equations

Example 4.1.3

o0 o0 oo
73 Z n(n — 1a,z™ 2 + Z anz” =) nn—1az™ ! + Z anz"
n=2 n=0

n=0

WE

3
||
N

oo
n(n+ 1)apt12" + Z anz"

n=0

M

3
Il
,_.

oo
n(n+ Dapy12"™ + Z anTn
n=0

i
o

[n(n 4+ 1)ap+1 + an) "

n=0

4.2 Series Solutions Near An Ordinary Point (Part I)

P(z)y" + Q(z)y + R(z)y =0
P, Q, R are polynomial with no common factors.

o xg where P(x() # 0 is called an ordinary point

o xp where P(xg) = 0 is called a singular point
Consider:
y" +p@)y +q(x)y =0

Ansatz: y(z) = > 7 ;an(x — x0)" and assume series converges |« — x| < p where p > 0. Let’s look
at:

Y +xy +2y=0, 29=0 (*)

P(xz) =1 Vax, so xg is ordinary point. Therefore, there exists p > 0 such that |x — 0| < p converges.

Assume:
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Substitute into (*):

o0
E nn—lan$”2+:1c§ nanajnl—l—QE anxy =0
n=2 n=1 n=0

o0
Zn+2 (n+ 1)apox” —|—Znanx +Z2anxn—0

n=0 n=0 n=0
o
> [+ 2)(n+ Dantz + (n+ 2)an] 2™ =0
n=0

(n+2)(n+ 1apnt2 + (n+2)a, =0

So, we obtain the following recurrence relation:

an
a =—) n=012,...
SR

Let ap = 1, a; = 0 to generate one solution y;(z). Soa; = a3 =as =...=0.
o Forn=0:a0=—ag= -1
oForn:2:a4:m:%

o Forn=4:a¢= Zﬁ:%:_%
. 96 _ 1 1
oForn=6:a8=—57 = 1357 = 105
Thus,
=
a =
T 1035, (2n—1)
and
2 4 6 8
T x x
-1 _
() T t13 135 1357
oo
(_1)n$2n
(@) 1+Z(2n—1)!!
n=1

For the second solution, letag =0anda; =1 — ag=a9 =aq = =0
° :1:a3 _%:%
en=3io == oy

. _ —as _ -1
on =5 a1 == = 1345
Thus
(="
a
T 90406, (2n)
and
23 5 27
y2(z) =2 — +

Example 4.2.1
zy’ +y +ay=0, z9=1 *
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xg = 1 is an ordinary point. Assume:
o0
y=Y a1
n=0
oo
y = Znan(a: — 1)t
n=1
oo
y' = Z n(n — 1)ap(z — 1)" 2
n=2
Sub into (*)

oo (0.9} o
7 Z n(n — 1an(z — 1) 2 + Znan(x —)" g Z an(z—1)" =0
n=2 n=1 n=0

Trick: x =1+ (x — 1)

Z n(n — ap(z —1)" 2 + Z n(n — Vap(z — )" + Z nay(z — 1)"1
n=2 n=2 n=1
+ ian(m —1)"+ i an(z — )" =0
n=0 n=0
> +2)(n+ Danga(e — D"+ > (n+ Dnappa(z — )"+ Y (n+ Dappa(z — 1)"
n=0 n=1 n=0

o o0
+ Zan(:ﬁ -1+ Zan_l(a: -1)"=0
n=0 n=1

We’ll handle n = 0O separately

Z [(m+2)(n+ 1Dapt2 + (n+ Dnapt1 + (n+ Dapt1 + an + an—1] (2 —1)" =0

n=1

So,
— [(n+ 1)*an41 + an + an-1]

(n+1)(n+2)

depends on 3 prior terms (very difficult to solve). For n = 0,

for neZ*t

(n42 =

(n+2)(n+ Dapnt2 + (n+ 1)apt1 +a, =0
2a9 +a1 +ap=0

—(a1 + aop)

a9 = B

Take ag = 1 and aq = 0 to generate y;(x)

@ Ao = —%

o= eparten g
(32

o a4y = (SZaEZaQ—&-al _ _%2

o a5 = —(4 a444.r5a3+a2) _ 1712
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y1(z) = ag(x — 1) +ar(z — 1) +az(z — 1)® + az(z — 1)3

:1—%(x—1)2+é(m—1)3—i(x—1)4+...

To generate ys(x), let ag = 0 and a1 = 1. Then,

oagz—%
oagzé
o ay=-1

p(@) = @—1) = o= 17+ 2@-1P — o~ 1) +...

4.3 Series Solutions Near An Ordinary Point (Part II)

P(x)y" + Q(z)y + R(x)y =0 (*)

P, Q, R are polynomials. Assume there exists a solution y = ¢(z)
oo
y=¢(@) = an(x— )" (*%)
n=0
converges when |z — zg| < p, p > 0. Take (**) differentiate m times and set = = x( we get:
mlam = 6™ (z0)
Recall that Taylor Series Expansion:

B f(m)(a;o)

T )

and use this to compute a,, in (**). If y = ¢(x) is a solution to (**) satisfies ICs:

y(wo) = Yo
Y (x0) = o
Then ap = yo and a; = yj, since
o(o
ao (0! ) = Yo
_ ¢/(330) /
T L

Since ¢ is a solution to (*),

P(z)¢"(z) + Q(x)¢'(z) + R(z)p(z) = 0

vy Q@) o R@
#'(z) + g9 (@) + iy 6(@) =0

¢"(x) + p(x)d (z) + q(2)p(z) = 0
¢"(x) = —p(x)¢'(x) — q(z)¢(z)
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Set x = xg
¢"(z0) = —p(20)¢’ (x0) + q(z0)P(z0)
Since ¢ (z¢) = 2lay,

—p(zo0)ar — q(xo)ag
21
—2!p(xg)az — [p'(x0) + q(x0)]ar — ¢} (z0)P(x0)
3!

a9 =

az =

— There exists many derivative of p and q evaluated at x
o0
p(@) = palx —zo)"
n=0

q(z) = qn(z — 20)"
n=0

If p and q are analytic at xg then x( is an ordinary point, otherwise it’s a singular point.

1 S0 If 2 is an ordinary point of (¥), then the general solution of (*) is
4.1

y=_an(z —x0)" = aoyi (z) + a1ys()

n=0

where ag and a; are arbitrary and y; and y» are linearly independent.

Further: p for each of the series solution, y; and y» is at least as large as the minimum of p of the
series of p and q.

From Complex Analysis

pp = dist{zo, the nearest zero of p}

Example 4.3.1
A+23)y" +40y +y=0, x0=0, 29=2

Here: P(z) =1+ 23

Plx)=0— z=-1,

S

:l: 7

N[
M|

1
29
o Forxy=0:

1 V3
dist -+ —53=1
is {0,2 > }

dist {0,—1} =1
= p=1
o Forxg=2:

dist {2,-1}=3

dist {2%1@} =3
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Example 4.3.2
(cosz)y’ +xy —2y=0, =0

xq is an ordinary point. Know:

€9 (—1)”562”
cCoST = Z W Vz
n=0

Assume:

o0

Y= Z an"”
n=0
oo

y/ _ Z nanxnfl
n=1

o0
y' = Z n(n — 1)apz™ >

n=2
Substitute into (*)
€ (_1)71:1:277, &e > >
> s Y+ 2+ Dangar™ + Y ana™n = Y 002" = 0
n=0 ( n) n=0 n=1 n=0

Let’s look at the product of the two series (first term)

°o
(2a3 — 2ag)z°
° $1 o
n =0 forthe Ist factor and n =1 for the second one
(6az — a1)z!
° 1'2 o
n = 0 for the Ist factor and n = 2 for the second one
or n =1 forthe first factor and n = O for the second one
(12&4 — ag)xQ
° $3 5

n=0 n=3—= 20as
n=1 n=1— —3as

(20as — 2a3)z>
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oI
n=0 n=4— 30aq
1
= 2’ = — —_—
n n=>0 12a2
n=1 n=2— —4day
1
(30&6 + ECLQ = 4a4)x4
o 375 G

1
n=2 n=1— Zag
n=1 n=3— —Tas

n=0 n=5— 42ar
1
(42a7 + 79~ Tas)z®

Since the RHS is 0, all the coefficient must be 0.

2a9 —2a0 =0 = a9 =qg

1
6az —a1 =0 = agzéal

a
12a4 — a9 =0 — a4:£
20a5 — 2a3 =0 = %z—%al
30a6+%a274a4202> a6:1a—200
42a7+%a3—7a5:O: mz%al

Foryy(x), letag=1,a1 =0

ao=1 a3=as5=a7=...=0
1 1

U= =155

1 1
y(x) =142+ —zt+ —2%+ ...

12 120
For ya(x), letag =0, a1 = 1
as=a4=ag=...=0
1 1 1
:7,a:—’a:7
BT T 60 T 560
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5 Laplace Transform

5.1 Definition of Laplace Transform

Operational Calculus:

B
F(s) = / K (s, 0)f(t)dt
Transform: f — F i

K(s,t) = Kernel of the transformation

— Laplace Transform:

2{70) = F(s) = | et () dt
0
K(s,t)=e, s€C

f#), =0

There is a diagram here that I still need to learn how to draw in tikz

THEOREM [T
5.1 1. f is piecewise continuouson 0 <t < Aforall A € R
2. 1f(t)| < ke where t > M; a € R; K, M € R" (exponential order)
Then, the Laplace Transform £{ f(t) = F(s)} defined by [ ¢! f(t)dt exists for

s > a.

< is a linear operator (£ ! is a linear operator as well). Suppose that f; and f» whose Laplace
transform exist £{c1 f1(t) + cafa(t)} = [~ e [er f1(t) + cafo(t)] dt which is equal to:

= /Oo et (t)dt + c2 /Oo e_Stfg(t)dt

0

= a1 L{fi(t)} + 2L {fa(t)}

5.2 IVP

L{f'} related to £{f} in a simple way.

THEOREM Suppose f is a continuous and f is piecewise continuous on 0 < ¢t < A. Also
5.2 suppose 3k, a, M &€ R such that

|f(t)] < Ke™ for t > M
Then, £{f'(t)} exists for s > a and

L0} = sL{f(t) — £(0)}
L{f" ()} = s*L{f (D)} — s£(0) — £(0)
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Corollary Suppose f, f', f" ... f"=Y) are continuous and f™) is piecewise continuous on 0 < t < A.
Suppose 3k, a, M € R such that

|F(®)] < ke™, |f'(t)] < ke™, ...
‘f(”’l)(t)‘ <ke® t>M
Then, L{f"™) (t)} exists for s > a and we can generalize
LL O} = " L{F ()} — 5" f(0) = s"2f(0)... — sf"7D(0) - f7V(0)
L™Hy(s)} = ¢(t) = y(t)

Note: we can use partial fraction to find £ ~!. If we know complex analysis:

2mi +i00

1 Y—100
y(t) = / 'Y (s)ds, t >0, yeR
y

There exists a 1-1 correspondence between f and F.

Example 5.2.1
2
o —1 —
Find £=H{F(s)}, F(s) = 5o5-—
2 A B
F(s)= =
(s) (s+4)(s—1) s+4+s—1
_2 2
_ 5 5
_s—i—4+8—1
2 1 2 1
5 \s—1 5\s+4
Thus,
2 2
H=72 t 2 —4t
f() 56 56
Example 5.2.2
82 45+ 12
Find £7{F(s)}, F(s)= ——5——
in {F(s)}, F(s) s(s2 +4)
3 58_4 3 53 4
Fs)=-+—55—=- B
(s) 5+32+4 s+52+4 s2+4
1 s 2
<s>+ <s2+22> (52+22>
f(t) =3+ 5cos2t — 2sin 2t
Example 5.2.3

Let £{y} =Y (s)

L{y W} = 5"V (s) — 5’y(0) — 5%/ (0) — 59" (0) — ¢ (0)
=Y (s) — s> —s—Y(s)
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Know: £{0} =0

sY(s)—s2—s—Y(s) =0
(s'—=1)Y(s) =5+

3
s+ s S
Y(S):s4—1:s2—1

— y(t) = cosht

Example 5.2.4
y' 4+ 2y +y=4e", y(0)=2 ¢ (0)=-1

4
2

2 1)Y -2 1—-4=
(s*+2s+1)Y(s) s+ |

4 2(s+1) 1
(s2+1)>  (s+1)2  (s41)2

2! 1 1
Y(s)=2(——== 2
(=) <(s+1)3> * (s—|—1> T ere
y(t) = 2t~ + 2e7 + te?

Y(s) =

Example 5.2.5
s—1

Find ¥ Y{—"———
{32 +3s+3

}

5.3 Step Function

Unit step function = U, , ¢ € {R" U 0}

0, t<ec, ¢c>0
uc(t) =
1, t>¢
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5 Laplace Transform

Figure 8

!
|
|
|
c t

Figure 9: y(t) = 1 — u.(t)

Given function f , defined for ¢ > 0

0, t<c
y=g(@) =
flt—c), t>c

represents a translation of f a distance c in the positive direction.

y

|

Figure 10

Example 5.3.1

f(t) = ur(t) + 2us(t) — 6ua(t)
0+2-0-6-0=0, 0<t<1
142-0-6-0=1, 1<t<3
1+42-1-6-0=3, 3<t<4

k1—|—2~1—6-1:—3, 4<t
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—.
I
+ ?

—

Figure 11

Plud(t)} = /0 " et (t)dt

o
=/ e_St-Odt—i—/ e St 1dt
0 c
o0
:/ e Stdt
C

Look at the relationship between £{ f(¢)} and L{u.(t)f(t — c¢)}.

WISRL IR 1 F(s) = L{f(t)} exists for s > a > 0 and if ¢ € R then
5.3

Lluct)f(t —c)} =e “L{f(t)} = e “F(s), s>a
Conversely, if f(t) = £~ {F(s)}, then

uc(t) f(t —c) = L~ He @ F(s)}

WL SR I F(s) = L{f(t)} exists for s > a > 0 and if ¢ € R, then
5.4
L f(t)y =F(s—c), s>a+c
Conversely, if f(t) = £~ 1{F(s)}, then

e f(t) = L7 F(s - )}

Example 5.3.2
(s—2)e*

~ 2" Find L7
s2 —4s5+3 "

F(s) =
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5 Laplace Transform

s—2
s2—4s+3
s—2
(s—2)2-1

L7G(s)] = e* cosht
L7YF(s)] = €27V cosh(t — 1)ui ()

Example 5.3.3
—3s

e . 71
F(S) = m, Find .££
1
s2+9
_ 1
- 52432

G(s) =

> £7HG(s)} = s

_ sin 3(; — 3)U3(t)
sin(3t — 9)

=3

LHE(t)}

Rectangular Window Function:

0, t<a

H(t)= 1, a<t<b
a,b
0, t>0

1%% 1

a b t

Figure 12: = uq(t — a) — up(t — b)

Example 5.3.4
352 —s5+2
F(s):efsi
(s —1)(s2+1)
Consider:
32 —-s5+2 A L BetC
(s—1)(s24+1) s—1 s2+1
2 . s
Cos—1 s$2+41
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2e~%

LY
s

_ 255_1{3%1}“ D42y

—HO) + LTS
F D] wm)

= [Qet_l + cos(t — 1)] uy (¢)

5.4 Discontinuous Forcing Functions

Example 5.4.1
y' +y=us(t), y(0)=1 y'(0)=0

L'+ L{y} = L{us(t)}

(Y () = sY(0) — 4/ (0) + Y (5)) = =

—3ms

—37s

(2 +1)Y(s) =s+

s 6—37rs

:82+1+8(82+1)

-5 ~ams (L__ 8
Y(S)_52+1+e <S 82+1>

y(t) = cost + us(t) [1 — cos(t — 3m)]

Y(s)

o For0 <t < 3m:
y(t) = cost

o Fort > 3m:

y(t) = cost + 1 — cos(t — 3m)
=2cost+1

Let’s look deeper into the above example. For 0 < ¢ < 37

y(t) = cost
y'(t) = —sint
"(t) = — cost

Fort > 37 :

y(t) =2cost + 1
y'(t) = —2sint
y"(t) = —2cost
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lim cost =cos3m = —1
t—37—
lim (cos2t+1)=2(-1)+1=-1

t—3mt

For 1% derivative:
lim —sint=0
t—3m—

lim (—2sint) =0

t—3mt

For 2™ derivative:

lim —cost=1
t—3m—

lim —2cost=2
t—3nt

which shows the limit does not exist. So y” is discontinuous at t = 37

Example 5.4.2

Y + 4y = sint + u,(t)sin(t — w), y(0) =0, y'(0) =0

LYY + 4L {y} = L{sint} + L{u,(t)sin(t — 7)}

s2Y (s) — sy(0) — y/(0) + 4Y (s) = e

s2+1 s2+1
—TS 1
Yo =0+e™) ey

Y(s)=(1+e™) (ﬁi 1 32%%4)
v =0+ 5 (755) -5 (238

Lt H(5) = § (1) ~ § ()

1 1
L YHH(s)} = gsint — gsin2t

(T H(5)} = unlt) [ snt = ) — gsin (2t~ )

1 . 1 .
= —u(t) [3 sint + g sin 275]

Putting Together

1 1 1 1
y(t) = 3 sint — 6 sin 2t — u(t) <3 sint + 6 sin Qt)

6 PDE - Heat Equation - Fourier Series
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6.1 Intro to PDE - Heat Conduction in a Rod

P _ Ou _ 0%
Review: uy = 37 , Uz = ol

u= f(t,z,y)

Ut = Ugz + Uyy
which is known as the 2 dimensional heat equation. Order of PDE:

Up = Upy ;@ 2" order

Up = Ulggy + sinz : 3Yorder

Number of Variables:

Ut = Ugpy - 2 Vars

1 1

Ug = Upp + —Up + U 3 vars
r T

2nd order linear PDE in 2 variables:

Augy + Bugy + Cuyy + Duy + Euy + Fu=G
where A,B,. .., G are constants or function of x and y.

Example 6.1.1 Nonlinear PDE:

Ulgye + up = 0

LUy + Yuy +u? =0

There are 3 basic types of linear equation:

I. Parabolic Equation: B2 — 4AC = 0 (heat equation, diffusion)
2. Hyperbolic Equation: B? — 4AC > 0 (vibrating system, wave equation)
3. Elliptic Equation: B2 — 4AC < 0 (steady-state)

Heat Equation:
PDE

BC
IC

Extend superposition to oo (infinite linear combination)

From fig. 13, let’s assume heat constant in any given cross-section and no heat lost to the side.

QPuge =up, 0<ax <L, t>0 *)
K
="
p-s

where « is thermal conductivity and p is the density of the object and s is the specific heat
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z=0 u(z,t) x=1L

4R 7 N
N S0 \J X

Figure 13: A rod in Heat Conduction Problem

u(z,0) = f(z), 0<z <L

Assume T atx = 0,75 at x = L and 17 = T> = 0. The boundary condition (BC) is:
uw(0,t) =0, u(L,t) =0, t>0
Now, our ansatz is (based on separation of variables):

u(z,t) = X(x)T(t)
u(z,t) = XT
Uge = X"T, upg = XT'

Sub into (*), we obtain:

2X"T = XT'
X/l 1 T/
(6%

Thus, we can observe that we can split a PDE into a system of ODE:s:

X"+06X =0
T + 0T =0

We also need to solve BC based from our ansatz

u(0,t) = X(0)T(t) = 0
X(0)=0, T(t)=0 Vt

We must have X (0) = 0 by same arg X (L) = 0 (2 pts BVP). First, let o = A? to avoid radical sign

X"+0X =0
X"+ XX =0
X (x) = k1 cos(Ax) + ko sin(Az)

The 18 BC: X (0) = 0

X(0) =ki1cos0+ kosin0 — k1 =0
X (z) = ko sin(\x)
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The 2" BC: X(L) =0

kasin(AL) = 0
sin(AL) =0
nm

A:f, n€Z+

M =

n?n?

L2

The value of o that yield non-trivial solution are called eigenvalues of BVP (boundary value problem)

X (z) = sin <?)

are called eigenfunction. Substitute o

T +a*0T =0 yield:

2.2 2
T’+<” n >T:0
T(t) =e 28

un(x,t) = X (z)T(t)

_ n2n2a2t

up(z,t) =€ 2 sin (sz) , neZ’

which is the fundamental solution of heat conduction. Extending this using principle of superposition to

00 , We obtain:
o0
u(x,t) = Z cnn(z,t)
n=1

Unless:

f(z) = bysin (%) + b2 sin (27[?) + ...+ bpsin (?)

Example 6.1.2

PDE: a2um =u, O<zx<L, t>0
IC: u(x,0)= f(x), 0<z<L
BC: u(0,t) =0, u(L,t)=0

Ansatz: u(z,t) = X (z)T'(t), t > 0. Then fundamental solution of heat conduction is

—n27r2a2t nmwx
up(z,t) =€ 17 sin(——), n€Z"
n I L

We also have: .
U(ZL‘, t) = Z Cnun(x’ t)
n=1

where Fourier series would determined cy, , the sine series, unless:
2
f(x) = by sin <?) + bgy sin (?) + ...+ by,sin <$)
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Example 6.1.3

PDE: 100uz, =u;, O0<x <1, t>0
IC: u(x,0) = sin(27x) —sin(57rz), 0 <z <1

BC: w(0,t) =0, u(l,t)=0, t>0
Soln: un(z,t) = e~ 100" gin (nrz)
IC: u(z,0) =sin(27rz) —sin(brx), 0 <z <1
whent = 0.

un(x,0) =sin(nwrz) — need n=2, n=>5

u(z,0) = coug(x,t) + csus(x, t)
= cosin2wx + c5sin S

— =1, c5=-1
So, our final solution is:

—40072t - _ 2; .
u(z,t) = e 400 gin 21z — 72500  gin 5y

6.2 Fourier Series

f(z) = % + mzzzl (am cos m;m: + by, sin m;m:) %)

Solve for a,,, and b,, cab be very complicated.
1 1 1
f(z) = cosma + 7 8 137z + 7 8 1697z 4 3 cos2197mx + . ..

which is convergent and continuous Vz but it’s never differentiable — pathological function.

Periodicity of sin/cos function : f is periodic with T" > 0

flx+T) = f(z), Yz € dom(f)

. mTzT mmnz 2L
sin ——,cos —, T = —
L L m

Orthogonality of sin and cos function inner product (u,v) defined o < x < 8

if u and v are orthogonal

0, if m#n

L mmnx nmx —
o [T, cos ™IE cos MLy =

L, if m=n
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nmwx nﬂ'x _
ochos ML sin MM dy = 0 Vm,n

0, if m#n
mmx nﬂ'm —
° f 7. sin L sin BEE gy =

L, if m=n

1. Multiply (*) by cos “7* when n fixed (n > 0)

2. Integrate with respect to x from -L to L.

L 00 L
_ nwL ML nwT
—d — —d E —d
/ f(x) cos 5 /_L cos i3 B == P Am /—L cos 17 cos 7 T+
E bm / sin mre cos ?dm

Euler - Fourier Formulas:

L
/ f(x)cosn—zxdm, n=20,1,2,3...

1 (L
bn:—/ f(x)sin?dx, nezt

Example 6.2.1
z+L —-L<z<0

L 0<x<L

Fourier Series:

f( ) B % N io: 2L cos <m> (_1)n 1Sln (Tx)
¥=y — (2n —1)272 nm

6.3 The Fourier Convergence Theorem

THEOREM Suppose that f and f’ are piecewise continuous on the interval —L < z < L.
6.1 Furthermore, suppose that f is defined outside the interval —L < x < L so that it is

periodic with period 2L. Then f has a Fourier series

+ Z (am cos + by, Sin m;r:v)

whose coefficients are given as

= l/L f(x)cos mry
o

The Fourier series converges to f(x) at all points where f is continuous and to

dr, m=0,1,2,...

dac m=1,2,.

[f(z+) + f(z—)]/2 at all points where f is discontinuous.
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Note:

fe+) = lim f(2). fla—)= lm f(x)

x%:pg T—=Ty
As n increases, partial sum s,, — f(z) as n — oo happens converges smoothly where f(x), but at

points of discontinuity, partial converges smoothly to the new value which tends to overshoot. (Gibbs

Phenomenon)
— +
b . = 1@+ F(ad)

n—00 2

There exists a way to remove Gibbs phenomenon called Lanczos sigma factor

m
a—20 + nz_%sin (%) [an coS % + by, sin %

6.4 Even and Odd Functions

Recall:
Even: f(—z)= f(z)
0dd: f(-z) = —f(x)
Elementary Properties:

1. Sum(difference) and product (quotient) of 2 even functions are even.

Sum (difference) of 2 odd functions is odd. But the product (quotient) of 2 odd functions are even.

NS

Sum (difference) of an odd function and an even function is neither. The product (quotient) of an
odd and even function is odd.

4. If f(x) is even, then ffo(x)dx = 2fOLf(x)dx

5. 1f f() is odd, then [*, f(x)dx =0

Cosine Series:

even
periodic (2L)

— f(x) - cos () is even and f(z) - sin (%72 ) is odd. Fourier coefficient of f:

9 L
am:L/O f(l‘)COSLZ:Ed:E, n=20,1,2,3,...

b, =0
a > nmwT
f(z) = 20 + ZG”COST
n=1
Sine Series:
odd

periodic (2L)
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f(x) - cos (%) is odd, and f(x) - sin (2F2) is even.
=0, n=0,1,2.

/f sm )d:r: nez’

Even and Odd Extensions:

o For an even periodic extension, define g of period 2L such that

f(z), 0<x<L
f(=z), —L<zx<0

g(x) =

— Fourier cosine series

o For an odd periodic extension, define h of periodic 2L such that

flx), 0<ax<L

— Fourier sine series

Example 6.4.1
flx)=L—2, 0<ax<L

Find the Fourier Sine series of period 2L. For a sine series:

an =0, n=0,1,2,...

9 L
by, = ), f(z)sin n%dm
) L
— L/o (L—x) sin?dw
9T [L 7
=7 {/0 Lsinnzwdaz—/o xsinnz:pdaz}
2L 2 2 (L? "
= (cosnm — cos0) + — (L cosnm — 0) + — () sin 2L
nm nm L \nrm 0
o
Conw
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6.5 Example of Solving a Complete Heat Conduction in a rod Problem:

Let’s look at
PDE: v, =u;, O <ax <1, t>0
BC: u(0,t) =0, u(l,t)=0, t>0
IC: u(z,0)=1, 0<z<1

Herea=1,L =1
Up(z,t) = G sin(nmx)

Since IC: u(z,0) =1, 0<z <1

U (z,0) = sin(nrx) =1

o0
g cpsin(nrz) =1

n=1

¢p is coefficient of the Fourier sine series of f(z) = 1

1
Cn = 2/ f(z) sin(nmz)dz
0
1
= 2/ sin(nrzx)dr, n € Z*
0

2
= —— — 1
e (cosnm — 1)

o Ifniseven, ¢, =0

° Ifnisodd,cn:%

4
Generally, Con—1 = m Or

4 | . 1 . 1 .
— |sinmz + - sin3nx + —sindrzx| =1
m 3 )
4 1 1
u(z,t) = — [e_WQt sinmz + ge_(3”)2t sin 3rx + 56_(5”)% sinbrx + . ..
T

Z Le_(%_l)%% sin [(2n — 1)mx]

W) =2 Gn = 1n

n=1

Now, we can solve for the PDE + BC + IC,

) sin —dm)

i:: sin (mm) - @)
i s

_2
"I

7 Boundary Value Problem

Regular Sturm - Louisville Problem:
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o Jan co numbers of R eigenvalues that can be arranged in increasing order A\; < Ao < ... < A,

such that \,, — coasn — oo
o For each ), there exists a unique eigenfunction
o Eigenfunction corresponding to different eigenvalues are linearly independent.
o The set of eigenfunctions correspond to the set of eigenvalues is orthogonal with respect to the

weight p(z) on the interval I, For us, p(z) = 1

8 System of First Order Linear Equations

n

Figure 14: A mechanical Spring with Multiple Nodes

2 +tu' + (2 — 0.25)u =0

1 1
" _ /
“ __t“_(1_4t2>“

Setxy =wand xo = v’ — 2} = 29

:n’l = —2x1 + x9, x'2 =21 — 229
(z] + 2z1) = 1 — 2(z) + 221)
x] + 2z = 1 — 22 — 41

o +4z) + 321 =0

which can be solved from the characteristics equation.
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8.1 Homogeneous Linear Systems (Constant Coefficient)

Z =A% A=nxn *)

t

For n = 1: system reduces to ‘fl—f = ax, solution is z = ce® in section 3 that we saw. Notice that A = 0

is the only equilibrium solution if a # 0

o If a < 0 - asymptotically stable — sink

e a > 0 - asymptotically unstable — source

For n = 2, this is important if it has visualization in the x; and x5 plane called a phase plane. Evaluate A7
at a large number of points and plot the resulting vector yields a direction field of tangent vector to the
solution of the system. To (*), ansatz solns will involve e"?. Also, (¥) are vector so we multiply e"* by a
constant vector.

7=t ()

Sub into (*), we have:

(A—rig=0 (¥¥%)

The problem of determining the eigenvalues and eigenvectors of A provided r - av eigenvalue and £ = a,,

associated eigenvector.

Example 8.1.1

Ansatz: T = £e From (¥%%),

(A=rD)e=0
1—r 1 &) (0
4 —2—r & B 0
det (A —rI) =0,
1—1r 1
=(1—-7r)(-2—-r)—4
o sasnee-n
So, 72 +7r—6=0-—17r; =2, ry = —3 are eigenvalues
07“1:2
—&G+&) (0
461 — 4& 0
& =&
5(1):(171)T
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o’l°2:3

Therefore,

Breaking apart the general soln:

The Wronskian is:

So the solution forms a fundamental set of solution

o For Z(1(t) : the scalar form

r1 = 01€2t, To = 61€2t

eliminate c; , t — 1 = 3. Solution lives on the straight line 2 = x; in quadrant I for ¢; > 0 and
QII for ¢; < 0. In either case, solution depart from the origin as t increases.

o For # ) (t): scalar form

3t 3t

T1 = coe” ', 19 = —4dcoe”
1 .
T = —ng — solnin QIV forco > 0
and QII for c3 < 0

In both cases, it moves towards the origin. For large t, the term ¢, & m(t) is dominant and term

co @) (t) become negligible.

Figure 15: The direction field
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8 System of First Order Linear Equations

Example 8.1.2

Ansatz: T = Ee™t

o Ifr; =—1:

01]07"2:—2:

General solution:

which has original stable node

Example 8.1.3

1 1 2
=112 1|z
2 1 1
Ansatz: & = ge’”t
1—r 1 2 &
2—r 1 & =(0 0 0)

P4’ —r4+4=0

7“1:4, ro =1, 7“3:—1
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07“1:4

=381 + & + 283 0
§1—2+& | =10
281 + &2 — 383 0

£W —(1,1,1)T

§2 4283 0
S+&+8| =10

261 + &2 0

@I (=2 T

281 + &9 + 2&3 0
S +3+& | =10
261 + & + 283 0

5(3) = (17 07 _1)T

General Soln:

8.2 Complex Eigenvalues

(-1 -4\
r = T
1 -1
~1-r -4 &) (0
1 —1—r & 0
r’+2r+5=0
r=-1£2

(—2@ - 4@)
&1 — 2i&

£M = (23, 1)T

or1=—1+4+27

o
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o rg=—1—2¢

206 —4&\ (0
&1+ 218 0

5(2) = (_in l)T

21
() = ( ) e '(cos 2t + isin 2t)
—2e tsin 2t (2e tcos2t
+1
e tcos2t e tsin 2t
. _¢ [ —2sin2t _4 [2cos2t
T =ce + coe
cos 2t sin 2t
Let’s then calculate the Wronskian
—2sin 2t
i(t) =e*
cos 2t

0 _4 [2cos2t
v(t) =e
sin 2t

So,

—2e7tsin2t 2e~!cos2t
W (i, )(t) = = 272 £
et cos 2t e !sin 2t
which forms the fundamental set of solutions (spiral point stable)
Example 8.2.1
12 0 _5 =
z = z
1 «
a) Determine the eigenvalue in term of «
) &) (0
1 a-—r & 0
r2—ar+5=0
1 1
7“1:%—1—5 a? — 20, 7“2:%—5\/052—20

b) Find the critical value of o where the qualitative nature of the phase portrait changes.

The roots are complex when: |« < v/20
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a € (—v/20,0) — negative real part
a € (0,v/20) — positive real part

©

©

o a = 0 — pure imaginary eigenvalues (center)

o a2 > 20 — roots are R and distinct

Finally, o = /20

9 Nonlinear Systems

Predator - Prey System:

x(t) = prey, y(t) = predator
7' (t) = (2 — 3x) — 4zy (1)
y'(t) = —y + 3xy (2)

Note: xy represents the rate at which predator eats prey and term like 2 — 3z tells us about the reproductive
rate. If y(0) =0 (y/(¢t) =0)

g'(t)=2c-322=0 = =0, z==
So (0,0), (%, 0) are equilibrium points. If y # 0, then (2) becomes:

—y+3zy=0

1

Sub z = % into (1)

(3, 1) is the 3™ equilibrium point

10 Schrodinger’s Equation

We had a talk/lecture about Schrodinger’s Equation from Dr. Callas (he is a project manager at
NASA’s Mars Exploration Rover Project and also a math professor at PCC) in June, and we got to learn
about the derivation of the equation and different aspects of it from a more scientific viewpoint like

physics/chemistry.
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