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§1 Lec 1: Aug 3, 2021

§1.1 Review of Stats 100A

Let X be a random variable.

Discrete RV Continuous RV

Distribution Function pmf pdf

Expected Value EX =
∑
x xp(x) EX =

∫
x
xf(x) dx

Expectation Function Eg(x) =
∑
x g(x)p(x) Eg(x) =

∫
x
g(x)f(x)dx

Variance EX2 − (EX)2 EX2 − (EX)2

Let X,Y be random variables with the joint pdf/pmf f(x, y). If X,Y are independent, then

f(x, y) = f(x) · f(y)

where f(x) is the marginal pdf of x and f(y) is the marginal pdf of y. Also,

f(x) =

∫
y

f(x, y) dy

f(y) =

∫
x

f(x, y) dx

Theorem 1.1

X,Y are independent if and only if

f(x, y) = g(x) · h(y)

Remark 1.2. g(x) and h(y) are not necessarily the marginal pdf of x and y respectively.

Proof. Let c =
∫
x
g(x) dx and d =

∫
y
h(y) dy. Notice that

c · d =

∫
x

∫
y

g(x)h(y)︸ ︷︷ ︸
f(x,y)

dx dy = 1

Now, we find f(x) and f(y)

f(x) =

∫
y

f(x, y) dy =

∫
y

g(x)h(y) dy = g(x)d

f(y) =

∫
x

f(x, y) dx =

∫
x

g(x)h(y) dx = h(y)c

So,
f(x, y) = g(x)h(y)cd = f(x)f(y)

Therefore, X,Y are independent.
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Let X ∼ Γ(α, β). Then, for x > 0, α > 0, β > 0,

f(x) =
xα−1e−

x
β

Γ(α)βα

where

Γ(α) =

∫ ∞
0

xα−1e−x dx

We have the following properties

Γ(α+ 1) = αΓ(α)

Γ(α+ 2) = (α+ 1)Γ(α+ 1)

= (α+ 1)Γ(α− 1)

If α is an integer, then
Γ(α) = (α− 1)!

Kernel function of Γ(α, β) is

k(x) = xα−1e−
x
β =

∫ ∞
0

xα−1e−
x
β dx

Let’s make a substitution y = x
β . Then,∫ ∞
0

xα−1e−
x
β dx =

∫ ∞
0

(βy)α−1e−yβ dy

= βα
∫ ∞

0

yα−1e−y dy

= βαΓ(α)

So ∫ ∞
0

xα−1e−
x
β

Γ(α)βα
dx = 1

§1.2 Exponential Famil ies

Definition 1.3 (Exponential Family) — A random variable X belongs in the exponential family
if its pdf/pmf can be expressed as follows

f(x|θ) = h(x) · c(θ) · e
∑k
i=1 wi(θ)·ti(x)

5
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Example 1.4

Let X ∼ b(n, p) with n fixed. Show that this belongs in an exponential family.

p(x) =

(
n

x

)
px(1− p)n−x =

(
n

x

)
(1− p)n

(
p

1− p

)x
=

(
n

x

)
(1− p)neln( p

1−p )
x

=

(
n

x

)
(1− p)ne(ln p

1−p )x

So, we have

h(x) =

(
n

x

)
c(θ) = (1− p)n

w1(θ) = ln
p

1− p
t1(x) = x

Notice that in this case we have one parameter, and that is θ = p.

Example 1.5

X ∼ Poisson(λ) and

p(x) =
λxe−λ

x!
, x = 0, 1, 2, . . .

Show that it is an exponential family.

p(x) =
1

x!
e−λelnλx =

1

x!
e−λe(lnλ)x

where h(x) = 1
x! , c(θ) = e−λ, w1(θ) = lnλ, t1(x) = x.

Theorem 1.6 a) E
[∑ ∂wi(θ)

∂θj
ti(x)

]
= −∂ ln c(θ)

∂θj

b) var
(∑k

i=1
∂wi(θ)
∂θj

ti(x)
)

= −∂
2 ln c(θ)
∂θ2j

− E
[∑k

i=1
∂2wi(θ)
∂θ2j

ti(x)
]

Example 1.7

If X ∼ Poisson(λ) then show that EX = λ. From the theorem above (a)

E

[
1

λ
X

]
= −(−1) =⇒ EX = λ

Exercise 1.1. X ∼ N(µ, σ). Show that f(X) belongs to an exponential family.

f(x) =
1

σ
√

2π
e−

1
2σ2

(x−µ)2

6
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§1.3 Moment Generating Functions

Definition 1.8 (Moment Generating Function) — Let X be a random variable. Then the mgf
of X is

MX(t) = EetX =

{∫
x
etxf(x) dx, for continuous RV∑
x e

txp(x), for discrete RV

Moments:

MX(t) =

∫
x

etxf(x) dx

M
′

X(t) =

∫
x

xetxf(x) dx

M
′

X(0) =

∫
x

xf(x) dx = EX

M
′′

X(t) =

∫
x

x2etxf(x) dx

M
′′

X(0) =

∫
x

x2f(x) dx = EX2

var(X) = EX2 − (EX)2

Theorem 1.9

Let φ(t) = lnMX(t). Then

φ′(0) = EX

φ′′(0) = var(X)

Proof. We have

φ′(t) =
M
′

X(t)

MX(t)

φ′(0) =
M
′

X(0)

MX(0)
=
E(X)

1
= EX

and

φ′′(t) =
M
′′

X(t) ·MX(t)−
(
M
′

X(t)
)2

(MX(t))
2

= . . .

= EX2 − (EX)2

= var(X)

The MGF of

7
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• Binomial – X ∼ b(n, p)

p(x) =

(
n

x

)
px(1− p)n−x

MX(t) = Eetx =

n∑
x=0

etx
(
n

x

)
px(1− p)n−x

=

n∑
x=0

(
n

x

)
(pet)x(1− p)n−x

= (pet + 1− p)n

• Poisson

p(x) =
λxe−λ

x!
, x = 0, 1, 2, . . .

MX(t) =

∞∑
x=0

etx
λxe−λ

x!

= e−λ
∞∑
x=0

(λet)x

x!

= e−λeλe
t

= eλ(e
t−1)

• Gamma – X ∼ Γ(α, β), x, α, β > 0. Note that if λ = 1 and β = 1
λ , then f(x) = λe−λx, i.e.

exponential distribution.

MX(t) =

∫ ∞
0

etx
xα−1e−

x
β

Γ(α)βα
dx

=

∫ ∞
0

xα−1e−x(
1
β−t)

Γ(α)βα
dx

Let y = x
(

1
β − t

)
. Then, after some “massage”, we obtain

MX(t) = (1− βt)−α

• Exponential – X ∼ exp(λ). Then,

MX(t) =

(
1− t

λ

)−1

• Normal – Z ∼ N(0, 1)

f(z) =
1√
2π
e−

1
2 z

2

, −∞ < z <∞

MZ(t) = Eetz =

∫ ∞
−∞

etz
1√
2π
e−

1
2 z

2

dz

= e
1
2 t

2

∫ ∞
−∞

1√
2π
e−

1
2 (z−t)2

= e
1
2 t

2

Properties of MGF:

8
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Theorem 1.10

If X,Y are independent, then

MX+Y (t) = MX(t) ·MY (t)

Proof. We have

MX+Y (t) = Eet(X+Y )

= E
(
etX · etY

)
= (EetX)(EetY )

= MX(t) ·MY (t)

Example 1.11

Let X1, X2, . . . , Xn be i.i.d random variables with Xi ∼ exp(λ). Find the distribution of
X1 +X2 + . . .+Xn. From the theorem above, we have

MX1+X2+...+Xn(t) = MX1
(t) ·MX2

(t) . . .MXn(t)

=

(
1− t

λ

)−1(
1− t

λ

)−1

. . .

(
1− t

λ

)−1

=

(
1− t

λ

)−n
Thus, the sum X1 +X2 + . . .+Xn ∼ Γ

(
n, 1

λ

)
.

9
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§2 Lec 2: Aug 4, 2021

§2.1 Moment Generating Functions (Cont’d)

Example 2.1 (Method of MGF)

X ∼ Poisson(λ1), Y ∼ Poisson(λ2), and X,Y are independent.

MX+Y (t) = MX(t) ·MY (t)

= eλ1(et−1) · eλ2(et−1)

= e(λ1+λ2)(et−1)

Thus, X + Y ∼ Poisson(λ1 + λ2) (by uniqueness theorem, i.e., each distribution has its own
unique generating function).

Example 2.2 (Method of MGF)

Let X1, X2, . . . , Xn
i.i.d∼ Poisson(λ) and T = X1 +X2 + . . .+Xn.

MT (t) = (MXi(t))
n

=
(
eλ(et−1)

)n
= enλ(et−1)

So, T ∼ Poisson(nλ).

Example 2.3 (Method of PMF)

From Example 2.1, we have

P (X + Y = k) =

k∑
i=0

p(X = i, Y = k − i)

=

k∑
i=0

p(X = i) · p(Y = k − i)

=

k∑
i=0

λi1e
−λ1

i!
· λ

k−i
2 e−λ2

(k − i)!

= e−(λ1+λ2)
k∑
i=0

λi1λ
k−i
2

i!(k − i)!
· k!

k!

=
e−(λ1+λ2)

k!

k∑
i=0

(
k

i

)
λi1λ

k−i
2

=
(λ1 + λ2)ke−(λ1+λ2)

k!

Thus, X + Y ∼ Poisson(λ1 + λ2).
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Example 2.4

Suppose X ∼ b(n1, p), Y ∼ b(n2, p), and X,Y are independent. Find the distribution of X+Y .

MX+Y (t) = MX(t) ·MY (t)

= (pet + 1− p)n1
(
pet + 1− p

)n2

=
(
pet + 1− p

)n1+n2

Thus, X + Y ∼ b(n1 + n2, p).

Properties of MGF:

a) MGF of X + a is

MX+a(t) = Eet(X+a)

= eta · EetX = etaMX(t)

b) MGF of bX is

MbX(t) = EetbX

= Eet
∗X

= MX(t∗) = MX(bt)

Example 2.5

X ∼ Γ(α, β). Then,
MX(t) = (1− βt)−α

Let Y = cX where c > 0. We want to find the distribution of Y .

(a) Method of MGF:

MY (t) = McX(t) = MX(ct)

= (1− cβt)−α

Therefore, Y ∼ Γ(α, cβ).

(b) Method of CDF:

FY (y) = P (Y ≤ y)

= p(cX ≤ y)

= p(X ≤ y

c
)

Then, FY (y) = FX
(
y
c

)
. Take derivative w.r.t. y

fY (y) =
1

c
fX

(y
c

)
f(x) =

xα−1e−
x
β

Γ(α)βα

Lastly, replace X with Y
c .

11
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c) MGF of X+a
b is

MX+a
b

(t) = Eet·
X+a
b

= et
a
bEet

X
b

= et
a
b ·MX

(
t

b

)
Use these properties to find the MGF of X ∼ N(µ, σ). Recall that if Z ∼ N(0, 1), then

MZ(t) = e
1
2 t

2

So, standardizing x to obtain

Z =
X − µ
σ

=⇒ X = µ+ σZ

Then,

MX(t) = Mµ+σZ(t)

= Eet(µ+σz)

= etµMZ(σt)

= etµe
1
2 t

2σ2

Thus, MX(t) = etµ+ 1
2 t

2σ2

.

Example 2.6

Let X ∼ N(µ1, σ1) and Y ∼ N(µ2, σ2) and X,Y are independent. We want to find the
distribution of X + Y .

MX+Y (t) = MX(t) ·MY (t)

= etµ1+ 1
2 t

2σ2
1 · etµ2+ 1

2 t
2σ2

2

= et(µ1+µ2)+ 1
2 t

2(σ2
1+σ2

2)

Thus, X + Y ∼ N
(
µ1 + µ2,

√
σ2

1 + σ2
2

)
.

Example 2.7

Let X1, X2, . . . , Xn
i.i.d∼ N(µ, σ). Let T = X1 +X2 + . . .+Xn. Then

MT (t) = (MXi(t))
n

=
(
etµ+ 1

2 t
2σ2
)n

= etnµ+ 1
2 t

2nσ2

Thus, T ∼ N(nµ, σ
√
n).

12
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Example 2.8

Let X =
∑
Xi
n = T

n . Find MX(t).

MX(t) = MT

(
t

n

)
= etµ+ 1

2 t
2 σ2

n

Therefore, X ∼ N(µ, σ√
n

).

Recall

Theorem 2.9 (Central Limit Theorem)

Let T = X1 + . . .+Xn with mean µ and variance σ2 (can follow any distribution other than
normal). As n→∞,

T − nµ
σ
√
n
→ N (0, 1)

Proof. Start with the MGF and as n→∞ we obtain

MT−nµ
σ
√
n

(t)→ e
1
2 t

2

§2.2 Joint MGF

Let X =
[
X1 X2 . . . Xn

]>
be a random vector and t =

[
t1 t2 . . . tn

]>
.

Definition 2.10 (Joint MGF) — Joint MGF of X is defined as

MX(t) = Eet
>X = Ee

∑
tiXi

Let X be a random vector (as above) with mean vector µ =
[
µ1 µ2 . . . µn

]>
, i.e.,

µ = EX = E


X1

X2

...
Xn

 =


EX1

EX2

...
EXn

 =


µ1

µ2

...
µn


and variance covariance matrix is defined as

Σ =

 σ
2
1 . . . σ1n

...
. . .

...
σn1 . . . σ2

n

 = E
[
(X − µ)(X − µ)>

]

13
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Special Case: For i.i.d random variables,

µ =


µ
µ
...
µ

 = µ


1
1
...
1

 = µ1

Σ = σ2

1 . . . 0
...

. . .
...

0 . . . 1

 = σ2I

Now, let’s discuss two results.

1. Let a =
[
a1 a2 . . . an

]>
be a vector of constants. Find the mean and variance of a>X.

Ea>X = a>EX = a>µ

var(a>X) = E(a>X − a>µ)2

= a>
[
E(X − µ)(X − µ)>

]
a

= a>Σa

or using summation, we have

var(a>X) =

n∑
i=1

a2
i var(Xi) + 2

n−1∑
i=1

n∑
j>i

aiaj cov(Xi, Xj)

Example 2.11

For n = 3,

var(a1X1 + a2X2 + a3X3) =
[
a1 a2 a3

]  σ2
1 σ12 σ13

σ21 σ2
2 σ23

σ31 σ32 σ2
3

a1

a2

a3


= a2

1σ
2
1 + a2

2σ
2
2 + a2

3σ
2
3 + 2a1a2σ12 + 2a1a3σ13 + 2a2a3σ23

2. Let

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

...
ap1 ap2 . . . apn


be a p× n matrix of constants. Find mean and variance of the vector AX.

E(AX) = AEX = Aµ

var(AX) = E
[
(AX −Aµ)(AX −Aµ)>

]
= AE(X − µ)(X − µ)>A>

= AΣA>

Consider X>AX where X : n× 1, A : n× n symmetric. For example, n = 2,

X =

[
X1

X2

]
A =

[
5 2
2 3

]

14
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Then X>AX = 5X2
1 + 3X2

2 + 4X1X2.

E

[
X>AX︸ ︷︷ ︸

scalar

]
= E tr(X>AX)

= E
(
trAXX>

)
= tr

(
EAXX>

)
= tr

(
AEXX>

)
= tr

(
A(Σ + µµ>)

)
= tr(AΣ) + tr(Aµµ>)

= tr(AΣ) + µ>Aµ

Note that tr(ABC) = tr(BCA) = tr(CAB) 6= tr(BAC)

Let X =

[
X1

X2

]
, t =

[
t1
t2

]
. Then,

MX(t) = E
(
et1X1+t2X2

)
=

∫
x1

∫
x2

et1x1+t2x2f(x1, x2) dx1 dx2

M1(t) =
∂MX(t)

∂t1
=

∫
x1

∫
x2

x1e
t1x1+t2x2f(x1, x2) dx1 dx2

Set t = 0, we obtain

M1(0) =

∫ ∫
x1f(x1, x2) dx1 dx2

=

∫
x1

x1

[∫
x2

f(x1, x2) dx2

]
dx1

=

∫
x1

x1f(x1) dx1

= EX1

So,

var(X1) = EX2
1 − (EX1)2

cov(X1, X2) = E(X1, X2)− (EX1)(EX2)

15
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§3 Lec 3: Aug 10, 2021

§3.1 Method of Transformation

Let X be a random variable and Y = g(X) be a function of X. If g(X) is increasing or decreasing
function of X, then the pdf of Y is given by

fY (y) = fX(g−1(y))

∣∣∣∣dg−1(y)

dy

∣∣∣∣
This is known as the method of transformation.

Example 3.1 (Increasing Function Case)

Let Y = 3X − 1.

• Method of CDF:

FY (y) = p(Y ≤ y)

= P (3X − 1 ≤ y)

= p(X ≤ y + 1

3
)

= FX

(
y + 1

3

)
Thus, fY (y) = 1

3fX
(

1+y
3

)
• Method of transformation

fY (y) = fX

(
y + 1

3

) ∣∣∣∣ ddy
(
y + 1

3

)∣∣∣∣
=

1

3
fX

(
y + 1

3

)

Example 3.2

X ∼ Γ(α, β). Let Y = cX for some c > 0. Find the pdf of Y using the method of
transformation.

fY (y) = fX

(y
c

) d

dy

(y
c

)
=
yα−1 exp

(
−y
βc

)
βαΓ(α)cα−1

1

c

=
yα−1 exp(− y

cβ )

Γ(α)(cβ)α

=⇒ Y ∼ Γ(α, cβ).

Let X1, X2 be random variables with joint pdf fx1x2
(x1, x2). Now, suppose that y1 = g1(x1, x2)

and y2 = g2(x1, x2). We want to find the joint pdf of Y1, Y2.

16
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Let x1 = h−1(y1, y2) and x2 = h−1
2 (y1, y2). Now, let’s find the Jacobian of the transformation.

J =

∣∣∣∣∣∣
∂h−1

1 (y1,y2)
∂y1

∂h−1
1 (y1,y2)
∂y2

∂h−1
2 (y1,y2)
∂y1

∂h−1
2 (y1,y2)
∂y2

∣∣∣∣∣∣
or

J =

∣∣∣∣∣∣
∂g1(x1,x2)

∂x1

∂g1(x1,x2)
∂x2

∂g2(x1,x2)
∂x1

∂g2(x1,x2)
∂x2

∣∣∣∣∣∣
Finally, we find the joint pdf of Y1 and Y2 by using the inverse function

fY1Y2(y1, y2) = fX1X2

(
x1 = h−1

1 (y1, y2)
x2 = h−1

2 (y1, y2)

)
· |J |

or by using the original function

fY1Y2
(y1, y2) = fX1X2

(
x1 = h−1

1 (y1, y2)
x2 = h−1

2 (y1, y2)

)
· |J |−1

Example 3.3

Let X1 ∼ exp(λ1) and X2 ∼ exp(λ2). Suppose U = X1 + X2 and V = X1 −X2. Find the
joint pdf of U and V if X1, X2 are independent.
The joint pdf of X1, X2

fX1X2(x1, x2) = f(x1) · f(x2) = λ1λ2e
−(λ1x1+λ2x2)

First, let’s find x1 and x2 in terms of u and v.

x1 =
u+ v

2

x2 =
u− v

2

Then, we can calculate the Jacobian as follows

J =

∣∣∣∣∣
1
2

1
2

1
2 − 1

2

∣∣∣∣∣ = −1

2

or if we want to use the original function then

J =

∣∣∣∣1 1
1 −1

∣∣∣∣ = −2

So, the pdf is

fUV (u, v) =
λ1λ2

2
exp

(
−λ1

u+ v

2
− λ2

u− v
2

)

17
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Example 3.4

Let X ∼ Γ(α1, β) and Y ∼ Γ(α2, β), X,Y are independent. Let U = X + Y and V = X
X+Y .

Find the joint pdf of U, V .

x = uv

y = u− uv

The Jacobian is

J =

∣∣∣∣ v u
1− v −u

∣∣∣∣ = −u

So the pdf is

fUV (u, v) =
(uv)α1−1 (u(1− v))

α2−1
exp

(
−uβ
)

Γ(α1)Γ(α2)βα1+α2
· u

=
uα1+α2−1 exp

(
−uβ
)
vα1−1(1− v)α2−1

Γ(α1)Γ(α2)βα1+α2

From the example above notice that if we multiply Γ(α1+α2)
Γ(α1+α2) , then we obtain

fUV (u, v) =
uα1+α2−1 exp

(
−uβ
)

Γ(α1 + α2)βα1+α2
· v

α1−1(1− v)α2−1

B(α1, α2)

We can observe that U ∼ Γ(α1 + α2, β) and V ∼ beta(α1, α2) where B(α1, α2) = Γ(α1)Γ(α2)
Γ(α1+α2) . Also,

we can observe that U and V are independent.

§3.2 Joint MGF (Cont’d)

Consider

X =

X1

...
Xn

 , t =

t1...
tn


MX(t) = Eet

>X = Ee
∑
tiXi

Suppose

X =


X1

X2

X3

X4

X5

 =

(
Y
Z

)

and similarly,

t =

(
u
v

)
Apply what we assume,

MX(t) = Eet
>X = E exp

((
u> v>

)(Y
Z

))
= E exp

(∑
uiyi +

∑
vizi

)

18
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Now, we let all vi = 0,

MX(t) = E exp
(∑

uiyi

)
= E exp

(
u>Y

)
= MY (u)

In general,

MY (u) = MX(u, 0)

MZ(v) = MX(0, v)

Example 3.5

For n = 3,
MX(t1, t2, t3) = (1− t1 + 2t2)−4(1− t1 + 3t3)−3(1− t1)−2

Then, say we want to find MX1(t1) – set t2 = t3 = 0,

MX(t1, 0, 0) = (1− t1)−9

or for t1, t3
MX1X3

(t1, t3) = MX(t1, 0, t3) = (1− t1)−6(1− t1 + 3t3)−3

Note (on independence): Use the same notation as above X, t. Y and Z are independent if and
only if

MX(t) = E exp
(
u>Y + v>Z

)
= Eeu

>Y · Eev
>Z = MY (u) ·MZ(v)

Example 3.6

Consider:
MX(t1, t2, t3) = (1− t1 + 2t2)−4 (1− t1 + 3t3)

−3
(1− t1)−2

1. Find MGF of

(
X1

X3

)
MX1X3

(t1, 0, t3) = (1− t1)−6(1− t1 + 3t3)−3

2. Find MGF of X1

MX1
(t1) = (1− t1)−9

3. Find MGF of X3

MX3
(t3) = (1 + 3t3)−3

4. Are X1, X3 independent?

Notice that MX1X3
(t1, t3) 6= MX1

(t1) ·MX3
(t3). Thus, X1, X3 are not independent.

§3.3 Multivariate Normal Distribution

Suppose Y is a random vector (n× 1) with mean vector µ and variance covariance matrix Σ. Then,
we say that Y ∼ Nn(µ,Σ) if its joint pdf is given by the following

f(y) =
1

(2π)
n
2
|Σ|− 1

2 exp

(
−1

2
(y − µ)>Σ−1 (y − µ)

)
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If n = 2, then we have the bivariate normal distribution with

µ =

(
µ1

µ2

)
, Σ =

(
σ2

1 σ12

σ21 σ2
2

)
or

Σ =

(
σ2

1 pσ1σ2

pσ1σ2 σ2
2

)
where p = σ12

σ1σ2
. We now want to find the joint MGF of Y ∼ Nn(µ,Σ). Let Z1, Z2, . . . , Zn be i.i.d

and ∼ N(0, 1). Show that Z ∼ N(0, I).

f(z) = f(z1) · . . . f(zn)

f(zi) =
1√
2π
e−

1
2 z

2
i

So,

f(z) =
1

(2π)
n
2

exp

(
−1

2
z>z

)
Thus, Z ∼ N(0, I).
Now, let’s find the joint MGF.

MZ(t) = Eet
>z = Eet1z1+...+tnzn

= Eet1z . . . Eetnzn

= e
1
2 t

2
1 . . . e

1
2 t

2
n

= e
1
2

∑
t2i

= e
1
2 t>t

Suppose now Y ∼ Nn(µ,Σ). Show that Z = Σ−
1
2 (y − µ) follows Nn(0, I).

Notice that Σ is a symmetric matrix and its spectral decomposition is given by

Σ = PΛP>

where

Λ =


λ1 0

λ2

. . .

0 λn


where λ1, . . . , λn are the eigenvalues of Σ using |Σ − λI| = 0. We also have the corresponding
eigenvectors in which Σx = λx. The normalized eigenvectors are denoted with e1, . . . , en. They are
orthogonal, i.e., PP> = I in which P =

(
e1 e2 . . . en

)
. In addition, observe that e1

>e1 = 1,
e1
>e2 = 0 (for example).

Remark 3.7. Using spectral decomposition, we can compute Σ−1, Σ−
1
2 , Σ

1
2 more conveniently by

Σ−1 = PΛ−1P>

Σ
1
2 = PΛ

1
2 P>

Σ
1
2 Σ

1
2 = Σ

Σ−
1
2 = PΛ−

1
2 P>

Σ−
1
2 Σ−

1
2 = Σ−1
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§4 Lec 4: Aug 12, 2021

§4.1 Multivariate Normal Distribution (Cont’d)

If Z1, . . . , Zn
i.i.d∼ N(0, 1). Then Z ∼ N(0, I) and

MZ(t) = Eet
>z = e

1
2 t>t

If Y ∼ Nn(µ,Σ), then let’s show that Z = Σ−
1
2 (Y − µ) follows N(0, I).

Note: From univariate normal, if Y ∼ N(µ, σ), then Z = Y−µ
σ = (σ2)−

1
2 (Y − µ) ∼ N(0, 1).

Proof. We have
Z = Σ−

1
2 Y −Σ−

1
2µ

Let

Σ−
1
2 =

v11 v12 . . . v1n

...
...

vn1 vn2 . . . vnn


Then

Z1 = v1y1 + v12y2 + . . .+ v1nyn − const1

Z2 = v21y1 + v22y2 + . . .+ v2nyn − const2

...

Zn = vn1y1 + vn2y2 + . . .+ vnnyn − constn

a) Pdf of Y

f(y) =
1

(2π)
n
2
|Σ|− 1

2 e−
1
2 (y−µ)>Σ−1(y−µ)

and
Z = Σ−

1
2 (Y − µ)

So
Y = Σ

1
2 Z + µ

b) Jacobian

J =

∣∣∣∣∣∣∣
∂Z1

∂y1
. . . ∂Z1

∂yn
...

...
∂Zn
∂yn1

. . . ∂Zn
∂ynn

∣∣∣∣∣∣∣ = |Σ− 1
2 | = |Σ|− 1

2

Finally, we can find the pdf of Z as follows

f(z) =
1

(2π)
n
2
|Σ|− 1

2 exp

(
−1

2

(
Σ

1
2 z + µ− µ

)>
Σ−1

(
Σ

1
2 z + µ− µ

))
· |Σ| 12

f(z) =
1

(2π)
n
2
e−

1
2z>z

Thus, Z ∼ N(0, I).

Now, we use this result to find the joint MGF of Y ∼ Nn(µ,Σ). If Z ∼ N(0, 1), then

MZ(t) = e−
1
2 t

2
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For the MGF of Y ∼ N(µ, σ),

MY (t) = MσZ+µ(t) = etµ+ 1
2 t

2σ2

Then, for multivariate normal, Y ∼ N(µ,Σ)

Z = Σ
1
2 (Y − µ)

Solve for Y
Y = Σ

1
2 Z + µ

So, the MGF is

MY(t) = M
Σ

1
2 Z+µ

(t)

= Ee
t>
(
Σ

1
2 Z+µ

)

= et
>µ · Ee(Σ

1
2 t)>Z

Let t∗ = Σ
1
2 t.

MY(t) = et
>µ · Eet

∗>

= et
>µ · e 1

2 t∗>t∗

Replace t∗ = Σ
1
2 t to obtain

MY(t) = et
>µ+ 1

2 t>Σt

Theorem 4.1

Let Y ∼ Nn(µ,Σ). Suppose A is a m × n matrix of constants and C is a m × 1 vector of
constants. The distribution of AY + C is multivariate normal.

Proof. Consider the MGF

MAY+C(t) = Eet
>(AY+C)

= et
>CEe(A>t)>Y

Let t∗ = A>t.

MAY+C = et
>CEet

∗>Y

= et
>C ·MY(t∗)

= et
>Cet

∗>µ+ 1
2 t∗>Σt∗

Substitute t∗ = A>t to get

MAY+C(t) = et
>(Aµ+C)+ 1

2 t>AΣA>t

Thus, AY + C ∼ Nm
(
Aµ + C,AΣA>

)
.

In addition, we have

E(AY + C) = Aµ + C

var(AY + C) = AΣA>
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Theorem 4.2

Let

Q1 =

(
Y1

Y2

)
(
Y1

Y2

)
=

(
1 0 0 0 0

0 1 0 0 0

)
Y1

Y2

Y3

Y4

Y5

 = AY

where A =
(
I 0

)
. Then(
Y1

Y2

)
∼ N

(
Aµ,AΣA>

)
∼ N

((
I 0

)(µ1

µ2

)
,
(
I 0

)(Σ11 Σ12

Σ21 Σ22

)(
I
0

))
∼ N (µ1,Σ11)

Also, the linear combination follows the normal distribution in which

a1Y1 + a2Y2 + . . . anYn = a>Y ∼ N(a>µ,
√

a>Σa)

§4.2 Statist ical Independence

Suppose

Y =

(
Q1

Q2

)
, t =

(
t1

t2

)
µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
Then

MY(t) = exp

(
t>µ +

1

2
t>Σt

)
= exp

(
t>1 µ1 + t>2 µ2 +

1

2
t>1 Σ11t1 +

1

2
t>2 Σ22t2 + t>1 Σ12t2

)
If Σ12 = 0, then

MY(t) = exp

(
t1µ1 +

1

2
t>1 Σ11t1

)
· exp

(
t>2 µ2 +

1

2
t>2 Σ22t2

)
or

MY(t) = MQ1
(t1) ·MQ2

(t2)

So if cov(Q1,Q2) = 0, then Q1,Q2 are independent.
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Theorem 4.3

Let Y ∼ N(µ,Σ) and consider AY and BY.(
AY
BY

)
=

(
A
B

)
Y = LY

Then

var(LY) = LΣL>

=

(
A
B

)
Σ
(
A> B>

)
=

(
AΣA> AΣB>

BΣA> BΣB>

)
AY and BY are independent if AΣB> = 0 or check cov(AY,BY) = AΣB>.

§4.3 Conditional PDF of Normal Distribution

Consider the bivariate case (n = 2).

Y =

(
Y1

Y2

)
f(y2|y1) =

f(y1, y2)

f(y1)

Notice that f(y1, y2) is bivariate normal. Thus, f(y1) is univariate normal, Y1 ∼ N(µ1, σ1). So

f(y1) =
1

σ1

√
2π
e
− 1

2σ21
(y1−µ1)2

The conditional pdf then is

fY1|Y2
(y1|y2) =

1√
σ2

1(1− ρ2)
√

2π
exp

−1

2


[
y1 − µ1 − ρσ1

σ2
(y2 − µ2)

]2
σ2

1(1− ρ2)




In general, suppose

Y =

(
Q1

Q2

)
, µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
and Y ∼ N(µ,Σ). Then, the conditional distribution of Q1 given Q2 is also multivariate normal,
i.e., Q1|Q2 ∼ N(µ1|2,Σ1|2) where

µ1|2 = µ1 + Σ12Σ
−1
22 (Q2 − µ2)

Σ1|2 = Σ11 −Σ12Σ
−1
22 Σ21

Proof. Let

U = Q1 −Σ12Σ22

V = Q2

(
U
V

)
=

(
I −Σ12Σ

−1
22

0 I

)(
Q1

Q2

)
= A ·Y
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Let’s find the mean and variance covariance matrix of

(
U
V

)
.

E

(
U
V

)
=

(
I −Σ12Σ

−1
22

0 I

)(
µ1

µ2

)
=

(
µ1 −Σ12Σ

−1
22 µ2

µ2

)
Variance

var

(
U
V

)
= AΣA>

=

(
I −Σ12Σ

−1
22

0 I

)(
Σ11 Σ12

Σ21 Σ22

)(
I 0>

−Σ−1
22 Σ21 I

)
=

(
Σ11 −Σ12Σ

−1
22 Σ21 0

0 Σ22

)
Notice that cov(U,V) = 0, so U,V are independent because jointly they follow multivariate
normal.

Question 4.1. Find cov(U,V) using cov(AY,BY) = AΣB>

We have

cov(U,V) = cov(Q1 −Σ12Σ
−1
22 Q2,Q2)

= cov(Q1,Q2)− cov(Σ12Σ
−1
22 Q2,Q2)

= Σ12 −Σ12Σ
−1
22 Σ22

= 0

Observe that
Q1 = U + Σ12Σ

−1
22 Q2

Then
Q1|Q2 = U|Q2 + Σ12Σ

−1
22 Q2

but Q2 = V

Q1|Q2 = U|V + Σ12Σ
−1
22 Q2

= U + Σ12Σ
−1
22 Q2

E(Q1|Q2) = µ1 −Σ12Σ
−1
22 µ2 + Σ12Σ

−1
22 Q2

= µ1 + Σ12Σ
−1
22 (Q2 − µ2)

var(Q1|Q2) = var(U)

= Σ11 −Σ12Σ
−1
22 Σ21
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§5 Lec 5: Aug 17, 2021

§5.1 Multinomial Distribution

Suppose a sequence of n independent experiments is performed, and each one results in one of r
possible outcomes with probabilities p1, p2, . . . , pr and

∑r
i=1 pi = 1. Let Xi be the number of the n

experiments that result in outcome i where i = 1, 2, . . . , r. Then

P (X1 = x1, X2 = x2, . . . , Xr = xr) =
n!

x1!x2! . . . xr!︸ ︷︷ ︸
=( n

x1 x2 ... xr
)

px1
1 px2

2 . . . pxrr

Also, notice that X1 +X2 + . . .+Xr = n. We have X ∼M(n,p).

Example 5.1

Roll a die 20 times. We want to find the probability of P (X1 = 3, X2 = 2, X3 = 4, X4 =
5, X5 = 1, X6 = 5)

P (X1 = 3, X2 = 2, X3 = 4, X4 = 5, X5 = 1, X6 = 5) =
20!

3!2!4!5!1!5!

1

63

1

62

1

64

1

65

1

61

1

65

Now, let’s examine the MGF of X ∼M(n,p).

MX(t) = Eet
>X = Eet1X1+...+trXr =

∑
X1

. . .
∑
Xr

et1X1+...+trXr
n!

x1! . . . xr!
px1

1 . . . pxrr

in which X1 + . . .+Xr = n. Then, rearranging the expression, we obtain

MX(t) =
∑
X1

. . .
∑
Xr

n!

x1! . . . xr!
(p1e

t1)X1 . . . (pre
t2)Xr

Using the multinomial theorem, we have

MX(t) =
(
p1e

t1 + . . .+ pre
tr
)n

Question 5.1. Find MX1
(t1).

By setting every other Xi to 0, we have

MX1
(t1) = MX(t1, 0, 0, . . . , 0) =

(
p1e

t1 + p2 + . . .+ pr
)n

=
(
p1e

t1 + 1− p1

)n
=⇒ X1 ∼ b(n, p1).

Exercise 5.1. Find the mean vector and variance covariance matrix of X. Using Handout #10 to
find var(Xi), cov(Xi, Xj).

§5.2 Chi-Squared Distribution

Definition 5.2 (Chi-Squared) — Let Z ∼ N(0, 1) and X = Z2. Then we say that X ∼ X 2
1 .

Notice that the subscript denotes the degree of freedom.

Now, let’s find the pdf of X 2
1 .
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• Method of CDF:

FX(x) = P (X ≤ x) = P (Z2 ≤ x)

= P (−
√
x ≤ Z ≤

√
x)

= P (Z ≤
√
x)− P (Z ≤ −

√
x)

= FZ(
√
x)− FZ(−

√
x)

So, fX(x) = 1
2x
− 1

2 fZ(
√
x) + 1

2x
− 1

2 fZ(−
√
x), i.e.,

fX(x) =
x−

1
2 e−

x
2

√
π
√

2
=
x−

1
2 e−

x
2

Γ
(

1
2

)√
2

We can observe that X 2
1 follows the same distribution as Γ

(
1
2 , 2
)
.

For X 2
n , let Z1, . . . , Zn

i.i.d∼ N(0, 1). We want to find the pdf of
∑
Z2
i . First, the MGF of Z2

i is

MZ2
i
(t) = (1− 2t)

− 1
2

As Zi are independent, we have

M∑
Z2
i
(t) =

(
MZ2

i
(t)
)n

= (1− 2t)
−n2

Similar to the case of degree of freedom equals to 1, we deduce that X 2
n is the same as Γ

(
n
2 , 2
)
.

Let X1, X2, . . . , Xn
i.i.d∼ N(µ, σ). Let’s form a X 2 distribution. Since

∑
Z2
i ∼ X 2

n , it follows that

n∑
i=1

(
Xi − µ
σ

)2

∼ X 2
n

For X ∼ X 2
n or X ∼ Γ

(
n
2 , 2
)
, we can easily deduce that the mean and variance are

EX = n

var(X) = 2n

Distribution of Quadratic Forms of Normally Distributed RV:

a) Let Z1, Z2, . . . , Zn
i.i.d∼ N(0, 1). Then Z ∼ N(0, I).∑

Z2
i ∼ X 2

n or Z>Z ∼ X 2
n

b) Z ∼ N(0, σ2I). ∑ Z2
i

σ2
∼ X 2

n or
Z>Z

σ2
∼ X 2

n

c) Y ∼ N(µ, σ2I) ∑(
Yi − µ
σ

)2

∼ X 2
n or

(Y − µ)> (Y − µ)

σ2
∼ X 2

n

d) Y ∼ N (µ,Σ). Let V = Σ−
1
2 (Y − µ).

EV = Σ−
1
2E [Y − µ] = 0

var(V) = var
(
Σ−

1
2 Y
)

= Σ−
1
2 ΣΣ−

1
2 = I

So, V ∼ N(0, I). From a), we have V>V ∼ X 2
n . Thus,

(Y − µ)
>

Σ−1 (Y − µ) ∼ X 2
n
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Theorem 5.3

Let X1, X2, . . . , Xn
i.i.d∼ N(µ, σ). We define sample variance as follows

S2 =

∑
(Xi −X)2

n− 1

Then, (n−1)S2

σ2 ∼ X 2
n−1.

From the above result, we know that
∑n
i=1

(
Xi−µ
σ

)2

∼ X 2
n . We want to show

(n− 1)S2

σ2
=

∑
(Xi −X)2

σ2
∼ X 2

n−1

We have

∑(
Xi − µ±X

σ

)2

=

∑(
Xi −X +X − µ

)2
σ2

=

∑
(Xi −X)2

σ2
+
n(X − µ)2

σ2
+

2(X − µ)
∑

(Xi −X)

σ2

Note that
∑

(Xi −X) =
∑
Xi − nX = 0. Then,

∑(
Xi − µ
σ

)2

=
(n− 1)S2

σ2
+

(
X − µ

σ√
n

)2

Notice that X ∼ N
(
µ, σ√

n

)
and thus X−µ

σ√
n

∼ N(0, 1). In addition, X and S2 are independent.

Consider 
X1 −X
X2 −X

...
Xn −X

 =

(
I − 1

n
11>

)
X

Then, 
X1 −X
X2 −X

...
Xn −X

 =

( 1
n1

I − 1
n11>

)
X = AX

But X ∼ N(µ, σ2I) as X1, . . . , Xn
i.i.d∼ N(µ, σ). Then,

var(AX) = AΣA>

=

(
1
n1>

I − 1
n11>

)
σ2I

(
1
n1 I − 1

n11>
)

Note that I − 1
n11> is symmetric and idempotent.

var(AX) = σ2

(
1
n 0>

0 I − 1
n11>

)
X is independent of

(
X1 −X . . . Xn −X

)>
and therefore is independent of S2.

Exercise 5.2. Verify cov(X,X1 −X) = 0.
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We have

cov(X,X1 −X) = cov(X,X1)− cov(X,X)

=
σ2

n
− σ2

n
= 0

Also,

var(X1 −X) = var(X1) + var(X)− 2 cov(X1, X)

= σ2 +
σ2

n
− 2σ2

n

= σ2

(
1− 1

n

)
and

cov
(
X1 −X,X2 −X

)
= cov(X1, X2)− cov(X1, X)− cov(X,X2) + cov(X,X)

= 0− σ2

n
− σ2

n
+
σ2

n
= −σ

2

n

Proof. (of the above theorem) We have

∑(
Xi − µ
σ

)2

︸ ︷︷ ︸
Q

=
(n− 1)S2

σ2︸ ︷︷ ︸
Q1

+

(
X − µ

σ√
n

)2

︸ ︷︷ ︸
Q2

Using MGF,

MQ(t) = MQ1
(t) ·MQ2

(t)

MQ1(t) =
MQ(t)

MQ2(t)

=
(1− 2t)−

n
2

(1− 2t)−
1
2

= (1− 2t)−
n−1
2

Therefore, (n−1)S2

σ2 ∼ X 2
n−1.

Summary:

1.
∑n
i=1

(
Xi−µ
σ

)2

∼ X 2
n

2.
∑n
i=1

(
Xi−X
σ

)2

∼ X 2
n−1.

This is known as central chi-squared distribution.

§5.3 Non-central Chi-Squared Distribution

Definition 5.4 (Non-central X 2) — If Y ∼ N(µ, 1), then Y 2 ∼ X 2
1 (NCP = µ2) where NCP

means non-centrality parameter.
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Let Y ∼ N(µ, σ). Then Y
σ ∼ N

(
µ
σ , 1
)
. Thus, Y

2

σ2 ∼ X 2
1 (NCP = µ2

σ2 ).
Let’s find the MGF of X 2

1 (NCP = θ). Let Q ∼ X 2
1 (NCP = θ).

MQ(t) = (1− 2t)−
1
2 eθ

t
1−2t

Let Y1, Y2, . . . , Yn
i.i.d∼ N(µ, σ). Then

MY 2
1
σ2

+
Y 2
2
σ2

+...+
Y 2
n
σ2

(t) =

(
(1− 2t)−

1
2 e

µ2

σ2
t

1−2t

)n
= (1− 2t)−

n
2 e

nµ2

σ2
t

1−2t

Thus,
∑ Y 2

i

σ2 ∼ X 2
n (NCP = nµ2

σ2 ).

Example 5.5

X1, . . . , Xn
i.i.d∼ N(µ1, 1) and Y1, . . . , Ym

i.i.d∼ N(µ2, 1). The two samples X and Y are indepen-
dent.

a) Find the distribution of W where

W =

n∑
i=1

(Xi −X)2 +

m∑
i=1

(Yi − Y )2

We have
(n−1)S2

X

1 ∼ X 2
n−1 and

(m−1)S2
Y

1 ∼ X 2
m−1. Note that

X ∼ X 2
n

Y ∼ X 2
m

X,Y are independent


Then

MX+Y (t) = MX(t) ·MY (t)

= (1− 2t)−
n
2 (1− 2t)−

m
2

= (1− 2t)−
n+m

2

Thus, X + Y ∼ X 2
n+m. So,

(n− 1)S2
X

1
+

(m− 1)S2
Y

1
∼ X 2

n+m−2

b) The mean of W is n+m− 2.

c) The variance of W is 2(n+m− 2).

§5.4 t-Distribution

Let Z ∼ N(0, 1) and U ∼ Xdf . If Z,U are independent, then

Z√
U
df

∼ tdf
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Application: Let X1, . . . , Xn
i.i.d∼ N(µ, σ). Then

X ∼ N
(
µ, σ√

n

)
(n−1)S2

σ2 ∼ X 2
n−1

 =⇒
X−µ
σ/
√
n√

(n−1)S2

σ2 /n− 1
=
X − µ
S/
√
n
∼ tn−1

Summary:

X − µ
σ/
√
n
∼ N(0, 1)

X − µ
S/
√
n
∼ tn−1
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§6 Lec 6: Aug 19, 2021

§6.1 t Distribution (Cont’d)

Example 6.1

X1, . . . , X10
i.i.d∼ N(0, σ). Find c s.t. P ( X√

9S2
X

< c) = 0.95.

P

 X−0
σ/
√

10√
9S2
X

σ2 /9

<
√

90c

 = 0.95

P (t9 <
√

90c) = 0.95

As t0.95;9 =
√

90c = 1.833 =⇒ c = 0.19.

Example 6.2

X1, X2, X3, X4, X5
i.i.d∼ N(0, σ). Find c so that c(X1−X2)√

X2
3+X2

4+X2
5

follows t distribution.

We have

X1 −X2 ∼ N(0, σ
√

2)

X2
3

σ2
+
X2

4

σ2
+
X2

5

σ2
∼ X 2

3

So
X1−X2−0

σ
√

2√
X2

3+X2
4+X2

5

σ2 /3
=

√
3

2

X1 −X2√
X2

3 +X2
4 +X2

5

∼ t3

Example 6.3

Let X1, . . . , X10
i.i.d∼ N(µ, σ) and Y1, . . . , Y10

i.i.d∼ N(µ, σ) and W1, . . . ,W10
i.i.d∼ N(µ, σ) where

X,Y,W are independent. Find c s.t.

P

(
X + Y − 2W√

9S2
X + 9S2

Y + 9S2
W

< c

)
= 0.95

We have

E
[
X + Y − 2W

]
= µ+ µ− 2µ = 0

var(X + Y − 2W ) =
σ2

10
+
σ2

10
+

4σ2

10
=

6σ2

10

=⇒ X + Y − 2W ∼ N(0, σ
√

6
10 ). Also,

9S2
X

σ2 +
9S2
Y

σ2 +
9S2
W

σ2 ∼ X2
27.
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Example 6.4 (Cont’d from above)

P

 X+Y−2W−0

σ
√

6
10√

9S2
X+9S2

Y +9S2
W

σ2 /27

<

√
270

6
c

 = 0.95

P

(
t27 <

√
270

6
c

)
= 0.95

=⇒ t0.95;27 =

√
270

6
c = 1.703

Definition 6.5 (Non-Central t Distribution) — Let U ∼ N(δ, 1) and V ∼ X 2
n where U, V are

independent. Then U√
V
n

∼ tn(NCP = δ).

§6.2 F Distribution

Definition 6.6 (F Distribution) — Let U ∼ X 2
n and V ∼ X 2

m. If U, V are independent, then
U
n
V
m

∼ Fn,m.

Application: Let X1, . . . , Xn
i.i.d∼ N(µ1, σ1) and Y1, . . . , Ym

i.i.d∼ N(µ2, σ2). We have

(n− 1)S2
1

σ2
1

∼ X 2
n−1 and

(m− 1)S2
2

σ2
2

∼ X 2
m−1

(n−1)S2
1

σ2
1

/(n− 1)

(m−1)S2
2

σ2
2

/(m− 1)
=

S2
1

σ2
1

S2
2

σ2
2

∼ Fn−1,m−1

Special Case: Suppose σ2
1 = σ2

2 . Then
S2
1

S2
2
∼ Fn−1,m−1.

Properties:

1. If X ∼ Fn,m, then 1
X ∼ Fm,n.

2. Fα;m,n = 1
F1−α;n,m

.

3. Relationship to t distribution

t =
Z√
U
n

Z ∼ N(0, 1) and U ∼ X 2
n

Then,
Z2

1
U
n

∼ F1,n; thus, t2n = F1,n.

Definition 6.7 (Non-Central F Distribution) — Let U ∼ X 2
n(NCP = θ) and V ∼ X 2

m. If U, V

are independent, then
U
n
V
m

∼ Fn,m(NCP = θ).
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§6.3 Properties of Estimators

Unbiased Estimators: Let θ be a parameter of a distribution and let θ̂ be an estimator of θ. We
say that θ̂ is unbiased if Eθ̂ = θ.

Example 6.8

X1, . . . , Xn i.i.d random variables. Since EX = µ and EXi = µ, X has the unbiased properties.

Let S2 =
∑

(Xi−X)2

n−1 be the sample variance. Let’s find ES2.

E
∑

(Xi −X)2 ± µ = E
[∑(

Xi − µ− (X − µ)
)2]

= E
[∑

(Xi − µ)2 + n(X − µ)2 − 2(X − µ)
∑

(Xi − µ)
]

= E
[∑

(Xi − µ)2 + n(X − µ)2 − 2n(X − µ)2
]

= E
[∑

(Xi − µ)2 − n(X − µ)2
]

=
∑

E(Xi − µ)2 − nE(X − µ)2

= nσ2 − nσ
2

n

= (n− 1)σ2

Thus, ES2 = E
∑

(Xi−X)2

n−1 = (n−1)σ2

n−1 = σ2.

Example 6.9

Consider p̂ = X
n where X1, X2, . . . , Xn i.i.d Bernoulli R.V. and X = # of successes among n

trials, X ∼ b(n, p).

Ep̂ = E
X

n
=
np

n
= p

Example 6.10

X1, . . . , Xn i.i.d N(µ1, σ1) and Y1, . . . , Ym i.i.d N(µ2, σ2).

E(X − Y ) = µ1 − µ2

Efficient Estimators: Let θ be a parameter of a distribution and let θ̂ be an (unbiased) estimator of
θ. Then,

var(θ̂) ≥ 1

nE
[
∂ ln f(x;θ)

∂θ

]2
≥ 1

−nE ∂2 ln f(x;θ)
∂θ2
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Note: Have ∫
x

f(x; θ) dx = 1∫
x

∂f(x; θ)

∂θ
dx = 0∫

x

∂f(x; θ)

∂θ

f(x; θ)

f(x; θ)
dx = 0∫

x

∂ ln f(x; θ)

∂θ
f(x; θ) dx = 0 (*)

or E
∂ ln f(x; θ)

∂θ
= 0

We define the score function as follows

S =
∂ ln f(x; θ)

∂θ

where ES = 0. Take derivative w.r.t. θ for (*) and we obtain∫
∂2 ln f(x; θ)

∂θ2
f(x; θ) dx+

∫
∂ ln f(x; θ)

∂θ
· ∂f(x; θ)

∂θ
dx = 0∫

∂2 ln f(x; θ)

∂θ2
f(x; θ) dx+

∫
∂ ln f(x; θ)

∂θ

∂f(x; θ)

∂θ

f(x; θ)

f(x; θ)
dx = 0

−
∫
∂2 ln f(x; θ)

∂θ2
f(x; θ) dx =

∫ (
∂ ln f(x; θ)

∂θ

)2

f(x; θ) dx

Thus, −E ∂2 ln f(x;θ)
∂θ2 = E

(
∂ ln f(x;θ)

∂θ

)2

= I(θ) – information in one of the observation and nI(θ) is

the information in the sample. Another way to find I(θ) is var(S) = I(θ).

var(S) = ES2 − (ES)2

But ES = 0, so var(S) = ES2 = E
(
∂ ln f(x;θ)

∂θ

)2

.

θ̂ is an efficient estimator if var(θ̂) = 1
nI(θ) .

Example 6.11

Let X1, . . . , Xn i.i.d follows N(µ, σ). Is X an efficient estimator of µ?

EX = µ unbiased

var(X) =
σ2

n

1. First method:

f(x) = (2πσ2)−
1
2 e−

1
2σ2

(x−µ)2

ln f(x) = −1

2
ln 2πσ2 − 1

2σ2
(x− µ)2
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Example 6.12 (Cont’d from above)

Then,

I(θ) = E

[
∂ ln f(x)

∂θ

]2

∂ ln f(x)

∂µ
=

2

2σ2
(x− µ) =

x− µ
σ2

I(θ) = E

[
X − µ
σ2

]2

=
E [X − µ]

2

σ2
=
σ2

σ4
=

1

σ2

2. Second method:

I(θ) = −E
[
∂2 ln f(x)

∂µ2

]
= −

(
− 1

σ2

)
=

1

σ2

3. Third method

I(θ) = var(S) = var

(
X − µ
σ2

)
=
σ2

σ4
=

1

σ2

Now, the Cramer-Rao lower bound is

var(µ̂) ≥ 1

nI(θ)
=

1

n 1
σ2

=
σ2

n

Our estimator is X which has var(X) = σ2

n (same as the Cramer-Rao lower bound).

Thus, X is an efficient estimator of µ.

Example 6.13

Is S2 =
∑

(Xi−X)2

n−1 an efficient estimator of σ2?

ES2 = σ2

var(S2) =
2σ4

n− 1

Cramer-Rao lower bound:

ln f(x) = −1

2
ln 2πσ2 − 1

2σ2
(x− µ)2

∂ ln f(x)

∂σ2
= − 1

2σ2
+

1

2σ4
(x− µ)2

∂2 ln f(x)

∂σ2
=

1

2σ4
− 1

σ6
(x− µ)2

I(θ) = −E
[

1

2σ4
− 1

σ6
(x− µ)2

]
= − 1

2σ4
+

1

σ4
=

1

2σ4

Thus, var(σ2) ≥ 1
nI(θ) = 2σ4

n . Our estimator S2 has variance 2σ4

n−1 . So S2 is not an efficient

estimator of σ2 (asymptotically efficient estimator for large enough n).
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§7 Lec 7: Aug 24, 2021

§7.1 Properties of Estimators (Cont’d)

Let X1, X2, . . . , Xn i.i.d R.V. with pdf f(x; θ). Then the joint pdf is

L = f(x1, x2, . . . , xn; θ) = f(x1; θ) · f(x2; θ) . . . f(xn; θ)

lnL = ln f(x1; θ) + ln f(x2; θ) + . . .+ ln f(xn; θ)

∂ lnL

∂θ
=
∂ ln f(x1; θ)

∂θ
+ . . .+

∂ ln f(xn; θ)

∂θ

Information in the sample is

E

(
∂ lnL

∂θ

)2

= E

(
∂ ln f(x1; θ)

∂θ
+ . . .+

∂ ln f(xn; θ)

∂θ

)2

= E

{(
∂ ln f(x1; θ)

∂θ

)2

+ . . .+

(
∂ ln f(xn; θ)

∂θ

)2

+ 2
∂ ln f(x1; θ)

∂θ

∂ ln f(x2; θ)

∂θ
+ . . .

}
= I(θ) + . . .+ I(θ) + 0 = nI(θ)

Recall the Cramer-Rao Inequality:

var(θ̂) ≥ 1

nI(θ)

Let’s prove this inequality.

Proof. Let X1, X2, . . . , Xn i.i.d R.V. with pdf f(x; θ). Let θ̂ = g(x1, x2, . . . , xn) be an unbiased

estimator of θ. Let assume n = 2. Then θ̂ = g(x1, x2) and

Eθ̂ =

∫∫
g(x1, x2)f(x1, x2; θ) dx1 dx2 = θ

=

∫∫
g(x1, x2)f(x1; θ)f(x2; θ) dx1 dx2

Now, we take the derivative w.r.t. θ on both sides∫∫
g(x1, x2)

∂f(x1; θ)

∂θ
f(x2; θ)

f(x1; θ)

f(x1; θ)
dx1 dx2 +

∫∫
g(x1, x2)f(x1; θ)

∂f(x2; θ)

∂θ

f(x2; θ)

f(x2; θ)
dx1 dx2 = 1∫∫

g(x1, x2)
∂ ln f(x1; θ)

∂θ
f(x1; θ)f(x2; θ) dx1 dx2 +

∫∫
g(x1, x2)

∂ ln f(x2; θ)

∂θ
f(x1; θ)f(x2; θ) dx1 dx2 = 1∫∫

g(x1, x2)

[
∂ ln f(x1; θ)

∂θ
+
∂ ln f(x2; θ)

∂θ

]
f(x1; θ)f(x2; θ) dx1 dx2 = 1

Generalize this to arbitrary n and we get∫ ∫
. . .

∫
g(x1, . . . , xn)

n∑
i=1

∂ ln f(xi; θ)

∂θ
f(x1; θ) . . . f(x;θ) dx1 . . . dxn = 1

Let Q =
∑n
i=1

∂ ln f(xi;θ)
∂θ . Then, E

[
θ̂Q
]

= 1. Now, consider ρθ̂Q

−1 ≤ ρ ≤ 1

ρ2
θ̂Q
≤ 1

cov2(θ̂, Q)

var(θ̂) var(Q)
≤ 1[

Eθ̂Q− (Eθ̂)(EQ)
]2

var(θ̂) [EQ2 − (EQ)2]
≤ 1
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Note that

E
[
θ̂Q
]

= 1

EQ = 0

EQ2 = nI(θ)

Plug these into the inequality to obtain

var(θ̂) ≥ 1

nI(θ)

Relative Efficiency: Suppose X1, X2, . . . , Xn i.i.d R.V. with pdf f(x; θ). Then,

EX1 = θ =⇒ var(X1) = σ2

E

[
X1 +X2

2

]
= θ =⇒ var

(
X1 +X2

2

)
=
σ2

2

...

EX = θ =⇒ var(X) =
σ2

n

So unbiased is not an unique property, we choose the one with the smallest variance. In this case,
we choose X.

Example 7.1

X1, X2, . . . , Xn
i.i.d∼ Poisson(λ) and consider

θ̂1 =
X1 +X2

2

θ̂2 = X

Then,

Eθ̂1 = λ; var(θ̂1) =
λ

2

Eθ̂2 = λ; var(θ̂2) =
λ

n

The ratio between the variances is

var(θ̂2)

var(θ̂1)
=
λ/n

λ/2
=

2

n

Suppose n = 10. Then the variability associated with θ̂2 is 20% of the variability associated
with θ̂1.

Consistency:

Definition 7.2 (Consistency/Converge in Probability) — P
(∣∣∣θ̂ − θ∣∣∣ < ε

)
→ 1 as n → ∞ or

P
(∣∣∣θ̂ − θ∣∣∣ > ε

)
→ 0 as n→∞.
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Theorem 7.3

Let θ̂ be an unbiased estimator of θ. Then, θ̂ is consistent if var(θ̂)→ 0 as n→∞.

Example 7.4

Consider X

EX = µ

var(X) =
σ2

n

n→∞−→ 0

=⇒ consistent.

Proof. Let X be a random variable with mean µ and variance σ2. For k > 0,

P (|X − µ| < kσ) ≥ 1− 1

k2

and

P (|X − µ| > kσ) ≤ 1

k2

by Chebyshev’s Inequality. Suppose X ∼ N(µ, σ). Then,

P (µ− 2σ ≤ X ≤ µ+ 2σ) ≈ 95%

Using Chebyshev’s Inequality with k = 2 we get

P (|X − µ| ≤ 2σ) ≥ 1− 1

22
= 75%

Back to the proof, we have

P

(∣∣∣θ̂ − θ∣∣∣ > k

√
var(θ̂)

)
≤ 1

k2

Let ε = k
√

var θ̂. Then,

P
(∣∣∣θ̂ − θ∣∣∣ > ε

)
≤ var(θ̂)

ε2

If var(θ̂)
n→∞−→ 0, we conclude that θ̂ is consistent.

Example 7.5

X1, . . . , Xn
i.i.d∼ N(µ, σ).

ES2 = σ2

var(S2) =
2σ4

n− 1

As var(S2)
n→∞−→ 0, then S2 is consistent.
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Example 7.6

X1, . . . , Xn i.i.d Bernoulli R.V.

p̂ =
X

n

E
X

n
= p

var(
X

n
) =

p(1− p)
n

n→∞−→ 0

X = X1 + . . .+Xn =⇒ X ∼ b(n, p).

§7.2 Bias and Mean Square Error

First, let’s define the bias term as B = E(θ̂)− θ. If B = 0 then θ̂ is unbiased. Let’s define the mean
square error (MSE)

MSE = E
(
θ̂ − θ

)2

= var(θ̂) +B2

as a measure of the quality of an estimator. If θ̂ is unbiased, then MSE = var(θ̂). Let’s show that

E(θ̂ − θ)2 = var(θ̂) +B2.

E
(
θ̂ − θ

)2

= E
(
θ̂ − θ ± Eθ̂

)2

= E

θ̂ − Eθ̂ + Eθ̂ − θ︸ ︷︷ ︸
B

2

= E
(
θ̂ − Eθ̂

)2

+B2 + 2BE
(
θ̂ − Eθ̂

)
︸ ︷︷ ︸

0

E
(
θ̂ − θ

)2

= var(θ̂) +B2

Example 7.7

X1, . . . , Xn
i.i.d∼ U(θ, θ + 1).

a) Show that X is a biased estimator of θ and compute the bias.

Consider X as an estimator of θ.

EX = µ =
θ + θ + 1

2
= θ +

1

2

=⇒ B =
1

2

b) Find a function of X that is unbiased estimator of θ.

It can be easily deduced that θ̂1 = X − 1
2 is unbiased as Eθ̂1 = θ.
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Example 7.8 c) Find the MSE when X is used as an estimator of θ.

MSE(X) = var(X) +B2 =
σ2

n
+

1

4
=

(θ + 1− θ)2

12n
+

1

4
=

1

12n
+

1

4

d) Find the MSE of θ̂1.

MSE(θ̂1) = var(θ̂1)

= var

(
X − 1

2

)
= var(X)

=
σ2

n
=

1

12n

Example 7.9

X ∼ b(100, p). Consider

p̂1 =
X

100
, p̂2 =

X + 3

100
, p̂3 =

X + 3

106

Find the MSE of each p̂i.
p̂1 is unbiased so

MSE(p̂1) = var(p̂1) = var

(
X

100

)
=
p(1− p)

100

For p̂2, we have

B = Ep̂2 − p

= E
X + 3

100
− p =

3

100

and

MSE(p̂2) = var(p̂2) +B2

= var

(
X + 3

100

)
+

32

1002

=
p(1− p)

100
+

(
3

100

)2

Similarly for p̂3

B = E
X + 3

106
− p =

100p+ 3

106
− p

and

MSE(p̂3) = var

(
X + 3

106

)
−
(

100p+ 3

106
− p
)2

=
100p(1− p)

1062
−
(

100p+ 3

106
− p
)2
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§7.3 Method of Maximum Likel ihood

This method requires a distribution assumption. Let X1, X2, . . . , Xn be i.i.d R.V. with pdf f(x; θ).
The joint pdf is also called the likelihood function is

L = f(x1, x2, . . . , xn; θ) = f(x1; θ) · f(x2; θ) . . . f(xn; θ)

Our goal here is to maximize the likelihood function L w.r.t. θ to find θ̂. To make the computation
easier, we maximize the log likelihood by solving

∂ lnL

∂θ
= 0

Example 7.10

X1, X2, . . . , Xn
i.i.d∼ Poisson(λ). Find the MLE of λ.

P (x) =
λxe−λ

x!

Then, L = P (x1;λ) · P (x2;λ) . . . P (xn;λ)

L =
λx1e−λ

x1!

λx2e−λ

x2!
. . .

λxne−λ

xn!
=
λ
∑
xie−nλ∏
xi!

So, taking log-likelihood we get

lnL =
∑

xi lnλ− nλ− ln
∏

xi!

Maximize lnL w.r.t. λ we obtain

∂ lnL

∂λ
=

∑
xi
λ
− n = 0

λ̂ =

∑
xi
n

= x

Then, we can check for unbiased and consistent through

EX = λ

var(X) =
λ

n
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Example 7.11

Let X1, . . . , Xn
i.i.d∼ exp(λ). Find the MLE of λ.

L = λe−λx1 · λe−λx2 . . . λe−λxn

L = λneλ
∑
xi

lnL = n lnλ− λ
∑

xi

Maximize lnL,

∂ lnL

∂λ
=
n

λ
−
∑

xi = 0

λ̂ =
n∑
xi

=
1

x

Example 7.12

X1, . . . , Xn
i.i.d∼ N(µ, σ). Find the MLE of µ and σ2.

f(xi;µ, σ
2) =

1

σ
√

2π
exp

(
− 1

2σ2
(xi − µ)2

)
= (2πσ2)−

1
2 exp

(
− 1

2σ2
(xi − µ)2

)
L = (2πσ2)−

n
2 exp

(
− 1

2σ2

∑
(xi − µ)2

)
lnL = −n

2
ln 2πσ2 − 1

2σ2

∑
(xi − µ)2

So we maximize lnL w.r.t. µ as follows

∂ lnL

∂µ
=

2

2σ2

∑
(xi − µ) = 0∑

xi − nµ = 0

µ̂ =

∑
xi
n

= x

We maximize lnL w.r.t. σ2 as follows

∂ lnL

∂σ2
= − n

2σ2
+

1

σ4

∑
(xi − µ)2 = 0

σ̂2 =

∑
(xi − µ̂)2

n

or σ̂2 =

∑
(xi − x)2

n

which is biased. So we adjust the last expression to be unbiased by setting

S2 =

∑
(xi − x)2

n− 1
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Note that

Eσ̂2 = E

∑
(xi − x)2

n

=
1

n
E
∑

(xi − x)2 ± µ

=
(n− 1)σ2

n

Adjust σ̂2 as follows. We need to find c s.t.

Ecσ̂2 = σ2

cEσ̂2 = σ2

c =
σ2

Eσ̂2
=

n

n− 1

Therefore, unbiased estimator of σ2 is

S2 = cσ̂2 =
n

n− 1

∑
(xi − x)2

n
=

∑
(xi − x)2

n− 1
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§8 Lec 8: Aug 26, 2021

§8.1 Method of Maximum Likel ihood (Cont’d)

Recall that we previously compute I(θ) through

I(θ) = E

(
∂ ln f(x; θ)

∂θ

)2

= −E∂
2 ln f(x; θ)

∂θ2

Using the log-likelihood function we find the information in the sample through−E ∂2 lnL
∂θ2 .

Example 8.1

X1, X2, . . . , Xn
i.i.d∼ N(µ, θ). From lecture 7, we found that

I(θ) =
1

σ2
=⇒ nI(θ) =

n

σ2
– information in the sample

Let’s find the information in the sample using the log likelihood function.

lnL = −n
2

ln 2πσ2 − 1

2σ2

∑
(xi − µ)2

∂ lnL

∂µ
=

1

σ2

∑
(xi − µ)

∂2 lnL

∂θ2
= − n

σ2

−E
(
− n

σ2

)
=

n

σ2

Asymptotic Properties of MLE

Let θ̂ be the MLE of θ. Then as n→∞,

θ̂
apprx∼ N

(
θ,

√
1

nI(θ)

)

Let X1, . . . , Xn
i.i.d∼ N(µ1, σ) and Y1, . . . , Ym

i.i.d∼ N(µ2, σ). The two samples are independent. We
want to find the MLEs of µ1, µ2, σ

2.

L = (2πσ2)−
n
2 e−

1
2σ2

∑
(xi−µ1)2 · (2πσ2)−

m
2 e−

1
2σ2

∑
(yi−µ2)2

lnL = −n
2

ln 2πσ2 − 1

2σ2

∑
(xi − µ1)2 − m

2
ln 2πσ2 − 1

2σ2

∑
(yi − µ2)2

∂ lnL

∂µ1
=

2

2σ2

∑
(xi − µ1) = 0

=⇒ µ̂1 = x. Similarly,
∂ lnL

∂µ2
=

2

2σ2

∑
(yi − µ2) = 0

=⇒ µ̂2 = y. Now, for σ2,

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4

∑
(xi − µ1)2 − m

2σ2
+

1

2σ4

∑
(yi − µ2)2 = 0

=⇒ σ̂2 =
∑

(xi−x)2+
∑

(yi−y)2

n+m =
(n−1)S2

X+(m−1)S2
Y

n+m . Let’s check whether σ̂2 is unbiased.

Eσ̂2 =
(n− 1)ES2

X + (m− 1)ES2
Y

n+m
=

(n+m− 2)σ2

n+m
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which is biased. So the adjusted unbiased expression is

S2
p =

n+m

n+m− 2
σ̂2 =

(n− 1)S2
X + (m− 1)S2

Y

n+m− 2

Also, observe that
(n+m− 2)S2

p

σ2
=

(n− 1)S2
X

σ2
+

(m− 1)S2
Y

σ2

Thus,
(n+m−2)S2

p

σ2 ∼ X 2
n+m−2 and also X − Y ∼ N

(
µ1 − µ2, σ

√
1
n + 1

m

)
. Then,

X − Y − (µ1 − µ2)

Sp

√
1
n + 1

m

∼ tn+m−2

which is from the definition of t distribution.

§8.2 Order Statist ics

Example 8.2

Let X1, . . . , Xn
i.i.d∼ U(0, θ). Find the MLE of θ.

We have

f(x) =
1

θ

L =
1

θn

Then,

lnL = −n ln θ

∂ lnL

∂θ
= −n

θ

We say that θ̂ = max(X1, . . . , Xn) or θ̂ = X(n) – nth order statistic. Similarly, X(1) =
min(X1, . . . , Xn) – first order statistic.

Let X1, . . . , Xn i.i.d R.V. with pdf f(x) and cdf F (x). Denote the ordered random variables with
X(1) < X(2) < . . . < X(n). We want to find

• Pdf of X(n)

• Pdf of X(i)

• Pdf of X(j)

• Joint pdf of X(i) and X(j)

Let’s first find the pdf of X(n). Begin with cdf of X(n)

FX(n)
(x) = P

(
X(n) ≤ x

)
= P (X1 ≤ x,X2 ≤ x, . . . ,Xn ≤ x)

= P (X1 ≤ x) · P (X2 ≤ x) . . . P (Xn ≤ x)

= F (x) · F (x) . . . F (x)

So, FX(n)
(x) = [F (x)]

n
. Thus, gX(n)

(x) = n [F (x)]
n−1

f(x) (maximum).
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Example 8.3 (The maximum)

For U(0, θ), the MLE of θ is θ̂ = X(n). Find the pdf of X(n).
We have

f(x) =
1

θ

F (x) =
x

θ

Thus, gX(n)
(x) = n

(
x
θ

)n−1 1
θ .

Is θ̂ = X(n) an unbiased estimator of θ?

Eθ̂ = EX(n) =

∫ θ

0

xn
(x
θ

)n−1 1

θ
dx

=
n

θn

∫ θ

0

xn dx =
n

θn
xn+1

n+ 1

∣∣∣θ
0

=
n

n+ 1
θ

It’s therefore biased, but we can adjust it so that it’s unbiased

θ̂1 =
n

n+ 1
X(n)

So, Eθ̂1 = θ.

Now, let’s find the pdf of X(1) = min(X1, . . . , Xn).

P
(
X(1) > x

)
= P (X1 > x,X2 > x, . . . ,Xn > x)

= P (X1 > x) · P (X2 > x) . . . P (Xn > x)

1− P (X(1) ≤ x) = [1− P (X1 ≤ x)] · [1− P (X2 ≤ x)] . . . [1− P (Xn ≤ x)]

1− FX(1)
(x) = [1− F (x)]

n

Therefore, gX(1)
(x) = n [1− F (x)]

n−1
f(x) (minimum).

Example 8.4 a) f(x) = 1
100e

− 1
100x, λ = 1

100 – exponential distribution and the cdf is

F (x) = 1− e− 1
100x.

A B

1 2

If either component fails, then the system fails =⇒ minimum of the two.

gX(1)
(x) = 2

[
1−

(
1− e− 1

100x
)]2−1 1

100
e−

1
100x

=
1

50
e−

1
50x

Thus, X(1) ∼ exp
(

1
50

)
and EX(1) = 50.
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Example 8.5 b) In the case that the system does not fail until both component fails

1

2

A
B

Thus, in this case we want to look at the maximum.

gX(n)
(x) = 2

[
1− e− 1

100x
]2−1 1

100
e−

1
100x

gX(n)
(x) =

1

50

[
1− e− 1

100x
]
e−

1
100x

In general, X1, . . . , Xn
i.i.d∼ exp(λ)

f(x) = λe−λx, F (x) = 1− e−λx

Then,

gX(1)
(x) = n

[
1−

(
1− e−λx

)]n−1
λe−λx

= nλe−nλx

=⇒ X(1) ∼ exp(nλ).

§8.3 MLE with Multi-Parameters

For efficiency, we need the information matrix denoted I(θ). Suppose

θ =


θ1

θ2

...
θp


Then

I(θ) = −E



∂2 lnL
∂θ21

∂2 lnL
∂θ1∂θ2

. . . ∂2 lnL
∂θ1∂θp

∂2 lnL
∂θ2∂θ1

∂2 lnL
∂θ22

. . . ∂2 lnL
∂θ2∂θp

...
...

. . .
...

∂2 lnL
∂θp∂θ1

∂2 lnL
∂θp∂θ2

. . . ∂2 lnL
∂θ2p


in which I(θ) is p× p and symmetric matrix. Then we just need to find I−1(θ).

48



Duc Vu (Summer 2021) 8 Lec 8: Aug 26, 2021

Example 8.6

X1, . . . , Xn
i.i.d∼ N(µ, σ). Find I(θ).

lnL = −n
2

ln 2πσ2 − 1

2σ2

∑
(xi − µ)2

∂ lnL

∂µ
=

1

σ2

∑
(xi − µ) =

1

σ2
(
∑

xi − nµ)

∂2 lnL

∂µ2
= − n

σ2

∂ lnL

∂µ∂σ2
= − 1

σ4

∑
(xi − µ)

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4

∑
(xi − µ)2

∂ lnL

∂σ2(2)
=

n

2σ4
− 1

σ6

∑
(xi − µ)2

Thus,

I(θ) = −E
(

− n
σ2 − 1

σ4

∑
(xi − µ)

− 1
σ4

∑
(xi − µ) n

2σ4 − 1
σ6

∑
(xi − µ)2

)
=

(
n
σ2 0
0 n

2σ4 − 1
σ6nσ

2

)
=

(
n
σ2 0
0 n

2σ4

)
I−1(θ) =

(
σ2

n 0

0 2σ4

n

)

If θ̂ is the MLE of θ, then approximately

θ̂ ∼ N(θ, I−1(θ))

as n→∞.

§8.4 Method of Moments

The moments of the population are estimated by the sample moments.

EX = µ ≈ X =
1

n

∑
Xi

EX2 ≈ 1

n

∑
X2
i

...

EXk ≈ 1

n

∑
Xk
i
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Example 8.7

Find the method of moments estimator of θ.

1. X1, . . . , Xn
i.i.d∼ Poisson(λ).

λ̂ = x

2. X1, . . . , Xn
i.i.d∼ U(0, θ)

θ̂

2
= x→ θ̂ = 2x

Here

Eθ̂ = E2X = 2EX = 2µ = 2
θ

2
= θ

It’s unbiased. Compare θ̂ with the MLE of θ, θ̂1 = n
n+1X(n). We finally choose the one

with smaller variance between θ̂ and θ̂1.

3. X1, . . . , Xn
i.i.d∼ N(µ, σ).

µ̂ = x

σ2 = EX2 − (EX)2

σ̂2 =

∑
X2
i

n
−X2

=
1

n

[∑
X2
i − nX

2
]

=

∑
(Xi −X)2

n

which is the same as the MLE.

4. X1, . . . , Xn
i.i.d∼ N(0, σ).

σ2 = EX2 − (EX)2

= EX2 =⇒ σ̂2 =

∑
X2
i

n

5. X1, . . . , Xn
i.i.d∼ R.V. with pdf

f(x) = (θ + 1)xθ, 0 < x < 1

First, find we find EX

EX =

∫ 1

0

xf(x) dx = (θ + 1)

∫ 1

0

xθ+1 dx

= (θ + 1)
xθ+2

θ + 2

∣∣∣1
0

=
θ + 1

θ + 2

=⇒ X = θ̂+1
θ̂+2
→ θ̂ = 2X−1

1−X .

§8.5 Simple Linear Models

Consider Y1, . . . , Yn
i.i.d∼ N(µ, σ). Write this statement as a model

yi = µ+ εi

with εi ∼ N(0, σ) and ε1, . . . , εn are independent.
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Suppose now that yi = b0 + b1xi + εi in which ε1, . . . , εn
i.i.d∼ N(0, σ) and x1, . . . , xn non-random.

Note that y is referred as the response variable and x is the predictor variable. Let’s estimate b0, b1, σ
2

using method of maximum likelihood. Because εi ∼ N(0, σ), it follows that Yi ∼ N(b0 + b1xi, σ).
Then,

f(yi) =
1

σ
√

2π
e−

1
2σ2

(yi−b0−b1xi)2

So,

L =

n∏
i=1

f(yi)

= (2πσ2)−
n
2 e−

1
2σ2

∑
(yi−b0−b1xi)2

lnL = −n
2

ln 2πσ2 − 1

2σ2

∑
(yi − b0 − b1xi)2

∂ lnL

∂b0
=

1

σ2

∑
(yi − b0 − b1xi) = 0

∂ lnL

∂b1
=

1

σ2

∑
(yi − b0 − b1xi)xi = 0

Then, ∑
yi − nb0 − b1

∑
xi = 0∑

xiyi − b0
∑

xi − b1
∑

x2
i = 0

Massage these equations to get

nb0 + b1
∑

xi =
∑

yi

b0
∑

xi + b1
∑

x2
i =

∑
xiyi

This is known as the normal equations. Then, we can solve it as follows(
n

∑
xi∑

xi
∑
x2
i

)(
b0
b1

)
=

( ∑
yi∑
xiyi

)
(
b̂0
b̂1

)
=

(
n

∑
xi∑

xi
∑
x2
i

)−1( ∑
yi∑
xiyi

)
Notice that the determinant of the inverse matrix is n

∑
(xi − x)2 ≥ 0 which confirms the existence

of a solution to the system of equations. Finally, MLEs of b̂0 and b̂1 are

b̂0 = y − b̂1x

b̂1 =

∑
(xi − x)yi∑
(xi − x)2
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§9 Lec 9: Aug 31, 2021

§9.1 Simple Regression

Consider Yi = b0 + b1Xi + εi in which we assume E [εi] = 0 and var(εi) = σ2 and ε1, . . . , εn are

independent. This is known as Gauss-Markov Conditions. Also, assume ε1, . . . , εn
i.i.d∼ N(0, σ). So,

Yi ∼ N(b0 + b1Xi, σ). Then, the pdf is

f(yi) =
1

σ
√

2π
e−

1
2σ2

(yi−b0−b1xi)2

Since Yi are independent, we can find the likelihood function as follows

L =
(
2πσ2

)−n2 e− 1
2σ2

∑
(yi−b0−b1xi)2

lnL = −n
2

ln 2πσ2 − 1

2σ2

∑
(yi − b0 − b1xi)2

Recall from last lecture,

b̂0 = y − b̂1x

b̂1 =

∑
(xi − x)yi∑
(xi − x)2

Properties:

Eb̂1 = E

[∑
(xi − x)yi∑
(xi − x)2

]
=

∑
(xi − x)EYi∑

(xi − x)2

=

∑
(xi − x)(b0 + b1xi)∑

(xi − x)2

=
b0
∑

(xi − x)∑
(xi − x)2

+ b1

∑
(xi − x)xi∑
(xi − x)2

= b1

Note that
∑

(xi − x) = 0 and
∑

(xi − x)xi =
∑

(xi − x)2. Now, for b̂0,

E
[
b̂0

]
= E

[
y − b̂1x

]
= Ey − xEb̂1
= b0

Note that

y =

∑
yi
n

=

∑
(b0 + b1xi + εi)

n

=
nb0 + b1

∑
xi +

∑
εi

n

= b0 + b1x+

∑
εi
n

Thus, b̂0, b̂1 are unbiased estimator of b0, b1.
Let’s denote the residual as ei = Yi − Ŷi. Also,

Ŷi = Y + b̂1(Xi −X)
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Therefore, the residual can be expressed as

ei = Yi − Y − b̂1(Xi −X)

Estimation of σ2

∂ lnL

∂σ2
= − n

2σ2
+

1

2σ4

∑
(yi − b0 − b1xi)2

σ̂2 =

∑
(yi − b̂0 − b̂1xi)2

n

=

∑
(yi − ŷi)2

n

=

∑
e2
i

n

Let’s check whether σ̂2 is unbiased.

Eσ̂2 = E

[∑
e2
i

n

]
=

∑
Ee2

i

n
=

1

n

∑[
var(ei) + (Eei)

2
]

Note that

Eei = E(yi − ŷi) = E
[
yi − (b̂0 + b̂1xi)

]
= Eyi − E(b̂0 + b̂1xi)

= b0 + b1xi − (b0 + b1xi) = 0

var(ei) = var
(
yi − y − b̂1(xi − x)

)
= var(yi) + var(y) + (xi − x) var(b̂1)− 2 cov(yi, y)− 2(xi − x) cov(yi, b̂1)

+ 2(xi − x) cov(y, b̂1)

First, let’s find the variance of b̂1.

var(b̂1) = var

(∑
(xi − x)yi∑
(xi − x)2

)
=

1

(
∑

(xi − x)2)
2

∑
(xi − x)2 var(yi)

=
σ2∑

(xi − x)2

=⇒ b̂1 ∼ N
(
b1,

σ√∑
(xi−x)2

)
. Now, let’s find cov(yi, b̂1).

cov(yi, b̂1) = cov

(
yi,

∑
(xi − x)yi∑
(xi − x)2

)
= cov

(
yi,

(x1 − x)y1∑
(xi − x)2

+ . . .+
(xi − x)yi∑

(xi − x)2
+ . . .+

(xn − x)yn∑
(xi − x)2

)
=

(xi − x)∑
(xi − x)2

σ2
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Note that cov(yi, yj) = 0 for all i, j. Similarly, for cov(y, b̂1),

cov(y, b̂1) = cov

(
y1 + . . .+ yn

n
,

∑
(xi − x)yi∑
(xi − x)2

)
= cov

(
y1

n
+ . . .+

yn
n
,

(xi − x)y1∑
(xi − x)2

+ . . .+
(xn − x)yn∑

(xi − x)2

)
=

σ2(x1 − x)

n
∑

(xi − x)2
+ . . .+

σ2(xn − x)

n
∑

(xi − x)2

=
σ2
∑

(xi − x)

n
∑

(xi − x)2
= 0

Now that we have everything, let’s get back to var(ei).

var(ei) = var
(
yi − y − b̂1(xi − x)

)
= var(yi) + var(y) + (xi − x) var(b̂1)− 2 cov(yi, y)− 2(xi − x) cov(yi, b̂1)

+ 2(xi − x) cov(y, b̂1)

= σ2 +
σ2

n
− σ2(xi − x)∑

(xi − x)2
− 2

σ2

n
− 2σ2(xi − x)2∑

(xi − x)2

= σ2

(
1− 1

n
− (xi − x)2∑

(xi − x)2

)
Finally, we can compute Eσ̂2.

Eσ̂2 =

∑
var(ei)

n

=
σ2
∑(

1− 1
n −

(xi−x)2∑
(xi−x)2

)
n

= σ2n− 2

n

We can adjust it to be unbiased as

S2
e =

n

n− 2
σ̂2 or S2

e =

∑
e2
i

n− 2

Problem 9.1. Show that
(n−2)S2

e

σ2 ∼ X 2
n−2.

Since Yi ∼ N(b0 + b1Xi, σ), it follows that

∑(
Yi − b0 − b1Xi

σ

)2

∼ X 2
n

Consider∑(
yi − b0 − b1xi

σ

)2

=

∑
(yi − b̂0 − b̂1xi + (b̂0 − b0) + (b̂1 − b1)xi)

2

σ2

=

∑
e2
i

σ2
+
n(b̂0 − b0)2

σ2
+

(b̂1 − b1)2
∑
x2
i

σ2
+

2(b̂0 − b0)
∑
ei

σ2

+
2(b̂1 − b1)

∑
eixi

σ2
+

2(b̂0 − b0)(b̂1 − b1)
∑
xi

σ2
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Note that {∑
ei = 0∑
eixi = 0

Then,∑
(yi − b0 − b1xi)2

σ2
=

(n− 2)S2
e

σ2
+
n(b̂0 − b0)2

σ2
+

(b̂1 − b1)2
∑
x2
i

σ2
+

2(b̂0 − b0)(b̂1 − b1)
∑
xi

σ2

(**)

Let D = b̂0 + b̂1X = Y and consider

(b̂1 − b1)2

var(b̂1)
+

[D − (b0 + b1x)]
2

var(D)
=

(b̂1 − b1)2

σ2

∑
(xi − x)2 +

(b̂0 − b0 + (b̂1 − b1)x)2

σ2/n
(*)

Notice that lHS of (*) ∼ X 2
2 and we can manipulate its RHS to be equal to the last three terms of

the RHS of (**). Thus, we can conclude that
(n−2)S2

e

σ2 ∼ X 2
n−2.

§9.2 Order Statist ics (Cont’d)

Let X1, . . . , xn i.i.d R.V. with pdf f(x) and cdf F (x) and x(1) < X(2) < . . . < X(n) be ordered ran
variables. Recall that

gX(n)
(x) = nFn−1(x)f(x)

gX(1)
(x) = n (1− F (x))

n−1
f(x)

Now, let’s find the pdf of X(j). Begin with cdf of X(j)

FX(j)
(x) = P

(
X(j) ≤ x

)
= P (Y ≥ j)

=

n∑
k=j

(
n

k

)
F (x)k (1− F (x))

n−k

where Y ∼ b (n, F (x)). Note that

P
(
x ≤ X(j) ≤ x+ dx

)
≈ gX(j)

dx =

(
n

j − 1 1 n− j

)
F (x)j−1f(x)dx (1− F (x))

n−j

Thus, the pdf of X(j) is

gX(j)
(x) =

n!

(j − 1)!(n− j)!
F (x)j−1 (1− F (x))

n−j
f(x)

Using the same approach we can find the joint pdf of X(i) and X(j)

P (q ≤ Q ≤ q + dq, w ≤W ≤ w + dw) ≈ f(q, w)dqdw

P
(
u ≤ X(i) ≤ u+ du, v ≤ X(j) ≤ v + dv

)
≈ gX(i)X(j)

(u, v)dudv

Lastly, we define the range and midrange as follows

R = X(n) −X(1)

Q =
X(1) +X(n)

2

Exercise 9.1. Find the joint pdf of R and Q.
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§9.3 Suff ic iency

Let X1, X2, . . . , Xn
i.i.d∼ exp(λ). Then, 2λ

∑
Xi ∼ X 2

2n. Then,

P
(
X 2
α
2 ;2n ≤ 2λ

∑
Xi ≤ X 2

1−α2 ;2n

)
= 1− α

This is known as the confidence interval. Also, we can manipulate the above expression to obtain

P

(
X 2
α
2 ;2n∑
Xi
≤ λ ≤

X 2
1−α2 ;2n∑
Xi

)
= 1− α

P (L ≤ λ ≤ U) = 1− α

The MLE of λ is λ̂ = n∑
xi

= 1
x

Sufficiency Principle
Let X1, . . . , Xn be a random sample and T (X) = T (x) is a sufficient statistic. Let Y1, . . . , Yn be
another sample and T (Y) = T (y) be the sufficient statistic. If T (x) = T (y) then the inference we
make on the parameter θ will be the same.
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§10 Lec 10: Sep 2, 2021

§10.1 Suff ic iency (Cont’d)

Definition 10.1 (Sufficient Statistic) — Let X1, . . . , Xn be a random sample and T (X)
be a function of X1, . . . , Xn. We say that T (X) is a sufficient statistic if the conditional
distribution of X = x (X1 = x1, . . . , Xn = xn) given T (X) = T (x) is free of θ and we check
L(X,θ)
q(T (x),θ) = H(x1, . . . , xn) where L is the likelihood function and q is the pdf/pmf of T (x).

Example 10.2

Let X1, . . . , Xn
i.i.d∼ Bernoulli(p). Is Y =

∑
Xi a sufficient statistic of p?

We know Y ∼ b(n, p). Then,

L(x; p)

q (T (x); p)
=

∏n
i=1 p

xi(1− p)1−xi(
n
y

)
py(1− p)n−y

=
p
∑
xi(1− p)n−

∑
xi(

n
y

)
py(1− p)n−y

=
1(
n
y

)
which is free of p. Therefore,

∑
Xi is a sufficient statistic of p.

Example 10.3

Let X1, . . . , Xn
i.i.d∼ Γ(α, β). Suppose that α is known. Is

∑
Xi is a sufficient statistic?

First, the pdf of Xi is

f(xi) =
xα−1
i e−

xi
β

Γ(α)βα

and Y =
∑
Xi ∼ Γ(nα, β). So,

L(x, β)

q (T (x), β)
=

(
∏
xi)

α−1e−
∑
xi/β

Γn(α)βnα

ynα−1e
− y
β

Γ(nα)bnα

=
Γ(nα)(

∏
xi)

α−1

ynα−1Γn(α)

Yes,
∑
Xi is a sufficient statistic of β.
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Example 10.4

Let X1, . . . , Xn
i.i.d∼ N(µ, σ). Suppose σ2 is known. Is X a sufficient statistic for µ?

First, X ∼ N(µ, σ√
n

). Therefore,

L(x;µ, σ2)

q (T (x), µ)
=

(2πσ2)−
n
2 e−

1
2σ2

∑
(xi−µ)2

(2π σ
2

n )−
n
2 e−

n
2σ2

(x−µ)2

=
(2πσ2)−

n
2 e−

1
2σ2

∑
(xi−x)2e−

n
2σ2

(x−µ)2

(2π σ
2

n )−
n
2 · e−

n
2σ2

(x−µ)2

=
(2πσ2)−

n
2 e−

1
2σ2

∑
(xi−x)2(

2π σ
2

n

)−n2
Thus we have a function free of µ. Note that∑

(xi − µ± x)
2

=
∑

(xi − x+ x− µ)2

=
∑

(xi − x)2 + n(x− µ)2

Theorem 10.5 (Factorization)

Let X1, . . . , Xn be a random sample and L(X; θ) be the likelihood function. We say that T (X)
is a sufficient statistic if

L(X; θ) = g (T (x); θ) · h(x)

where h(x) = 1 if necessary.

Example 10.6

Let X1, . . . , Xn
i.i.d∼ exp

(
1
λ

)
. Find a sufficient statistic using the factorization theorem.

f(xi) =
1

θ
e−

1
θ xi

L(x; θ) =
1

θn
e−

1
θ

∑
xi

Let h(x) = 1. Thus,
∑
xi is a sufficient statistic.

Example 10.7

Let X1, . . . , Xn
i.i.d∼ N(µ, σ). Suppose σ2 is known.

L = (2πσ2)−
n
2 e−

1
2σ2

∑
(xi−µ)2

= (2πσ2)−
n
2 e−

1
2σ2

∑
(xi−x)2e−

n
2σ2

(x−µ)2

We can see that X is sufficient statistic as there is no µ in the first two terms.
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Example 10.8

Let X1, . . . , Xn
i.i.d∼ N(µ, σ). Find sufficient statistic for µ and σ2.

L = (2πσ2)−
n
2 exp

− 1

2σ2

∑
(xi − x)2︸ ︷︷ ︸

(n−1)S2

− n

2σ2
(x− µ)2


Let h(x) = 1. Thus, (X,S2) are sufficient statistic for (µ, σ2).

Properties of Sufficient Statistic:

1. Let T (x) be a sufficient statistic and U∗ = V [T (x)]. Then, T (x) = V −1(U∗). Show that U∗

is a sufficient statistic.

Proof. Using the factorization theorem, we get

L(x; θ) = g (T (x); θ) · h(x)

= g
(
V −1(U∗); θ

)
· h(x)

= g∗(U∗; θ) · h(x)

Example 10.9

Let X1, . . . , Xn
i.i.d∼ N(0, σ).

L = (2πσ2)−
n
2 e−

1
2σ2

∑
x2
i

Using the factorization theorem, it follows that
∑
X2
i is a sufficient statistic. Now, let

U∗ =
∑
X2
i

n . Then,

L = (2πσ2)−
n
2 e−

1
2σ2

nu∗

Thus, U∗ is also a sufficient statistic.

2. Let X1, . . . , Xn be a random sample and L(X; θ) be the likelihood function. From the definition
of sufficiency,

L(X; θ)

q (T (X); θ)
= H(x1, . . . , xn)

Then,
L(X; θ) = q (T (X); θ) ·H(x1, . . . , xn)

The MLEs are function of sufficient statistics.

3. Exponential Families and Sufficient Statistics: Recall that if f(x; θ) belong in an exponential
family then

f(x; θ) = h(x)c(θ)e
∑
wi(θ)ti(x)

Suppose X1, . . . , Xn is a random sample from this distribution. Then,

L =
∏

h(xi)c
n(θ) exp

 k∑
i=1

wi(θ) n∑
j=1

ti(xj)


From the factorization theorem, we can deduce that (

∑n
i=1 t1(xi), . . . ,

∑n
i=1 tk(xi)) are suffi-

cient statistic for (w1(θ), . . . , wk(θ)).
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Example 10.10

X1, . . . , Xn
i.i.d∼ N(µ, σ).

f(x) = (2πσ2)−
1
2 e−

1
2σ2

(x−µ)2

= (2πσ2)−
1
2 e−

1
2σ2

x2+µx

σ2
− µ2

2σ2

Then,

L(x;µ, σ2) = (2πσ2)−
n
2 e−

nµ2

2σ2 e−
1

2σ2

∑
x2
i+

µ

σ2

∑
xi

Next, let’s discuss a theorem that provides the minimum variance unbiased estimators (MVUE).

Theorem 10.11 (Rao-Blackwell)

Let X1, . . . , Xn be a random sample from a distribution with parameter θ. Let θ̂ be an
unbiased estimator of θ and U be a sufficient statistic for θ. Now define a new estimator
θ̂∗ = E

[
θ̂|U
]

= h(u). Then θ̂∗ is the MVUE of θ.

Proof. Let X,Y be random variables with joint pdf f(x, y). Then

EX = E [E[X|Y ]]

var(X) = var (E[X|Y ]) + E [var (X|Y )]

So,

Eθ̂∗ = E
[
E[θ̂|U ]

]
= Eθ̂ = θ

So the variance is

var(θ̂) = var
(
E
[
θ̂|U
])

+ E

var
(
θ̂|U
)

︸ ︷︷ ︸
≥0


= var(θ̂∗) + C(≥ 0)

=⇒ var(θ̂∗) ≤ var(θ̂).

Example 10.12

Let X1, . . . , Xn
i.i.d∼ exp

(
1
θ

)
. Find the MVUE of θ.

First, we need to find a sufficient statistic. Let’s use factorization theorem.

L =
1

θn
e−

1
θ

∑
xi

So,
∑
xi is a sufficient statistic for θ with E

∑
xi = nθ. Then, θ̂∗ =

∑
Xi
n is an unbiased

estimator of θ and therefore it is MVUE of θ.
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Example 10.13

Let X1, . . . , Xn
i.i.d∼ exp

(
1
θ

)
. Find the MVUE of θ.

Let’s start with X
2
.

EX
2

= var(X) + (EX)2

=
σ2

n
+ µ2 =

θ2

n
+ θ2 =

n+ 1

n
θ2

Thus, the MVUE of θ2 is θ̂∗ = n
n+1X

2
.

Minimal Sufficient Statistics:

Theorem 10.14 (Lehmann-Scheffe)

Let X1, . . . , Xn be a random sample from a distribution with parameter θ and let Y1, . . . , Yn
be another random sample from the same distribution. Then we can find a minimal sufficient
statistics iff

L(x1, . . . , xn; θ)

L(y1, . . . , yn; θ)
is free of θ

iff T (x) = T (y).

Example 10.15

X1, . . . , Xn
i.i.d∼ Bernoulli(p) and Y1, . . . , Yn

i.i.d∼ Bernoulli(p). Then,

L(x1, . . . , xn; p)

L(y1, . . . , yn; p)
=
p
∑
xi(1− p)n−

∑
xi

p
∑
yi(1− p)n−

∑
yi

=

(
p

1− p

)∑ xi−
∑
yi

The above expression is free of p iff
∑
xi =

∑
yi, and then

∑
xi is a minimal sufficient statistic.

§10.2 Confidence Intervals

Recall that
P (L ≤ θ ≤ U) = 1− α︸ ︷︷ ︸

confidence level

Let X1, . . . , Xn
i.i.d∼ N(µ, σ). Suppose σ2 is known. Let’s find a confident interval for µ.

X ∼ N
(
µ,

σ√
n

)
X − µ

σ√
n

∼ N(0, 1)

P
(
−Zα

2
≤ Z ≤ Zα

2

)
= 1− α

P

(
−Zα

2
≤ X − µ
σ/
√
n
≤ Zα

2

)
= 1− α

P

(
X − Zα

2

σ√
n
≤ µ ≤ X + Zα

2

σ√
n

)
= 1− α

So µ ∈ X ± Zα
2

σ√
n

.
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§11 Lec 11: Sep 7, 2021

§11.1 Confidence Intervals (Cont’d)

Let X1, . . . , Xn
i.i.d∼ N(µ, σ). We want to find a 1− α confidence interval for µ (σ is known).

We know X ∼ N
(
µ, σ√

n

)
. So the pivot is X−µ

σ/
√
n
∼ N(0, 1) and thus µ ∈ X ± Zα

2

σ√
n

. Recall that

P

(
X − Zα

2

σ√
n
≤ µ ≤ X + Zα

2

σ√
n

)
= 1− α

Sample size:

X ± Zα
2

σ√
n︸ ︷︷ ︸

E

and so n =
(
Zα

2
σ

E

)2

Let’s consider now the case σ is not known. Recall that

X − µ
S/
√
n
∼ tn−1

So µ ∈ X ± tα
2 ;n−1 · S√

n
.

Example 11.1

Two dice are rolled and the sum X of the two numbers is recorded. The distribution has mean
µ = 7 and standard deviation σ = 2.42 in which µ =

∑
xp(x) and σ =

√∑
x2p(x)− µ2. By

Central Limit Theorem, X ∼ N(7, 2.42√
50

).

±1.96 =
X − 7

2.42/
√

50

=⇒ lower mean = 6.33 and upper mean = 7.67, and we are 95% confident that the mean lies
in this interval or the empirical mean falls into this interval 95% of the time.

With regard to confidence interval for variance σ2 of normal distribution, let X1, . . . , Xn be a

random sample from N(µ, σ). Then, (n−1)S2

σ2 ∼ X 2
n−1. Thus,

P

(
X 2
α
2 ;n−1 ≤

(n− 1)S2

σ2
≤ X 2

1−α2 ;n−1

)
= 1− α

Through some manipulation we get

P

(
(n− 1)s2

X1−α2 ;n−1
≤ σ2 ≤ (n− 1)s2

X 2
α
2 ;n−1

)
= 1− α

Remark 11.2. When the sample size n is large, the X 2
n−1 distribution can be approximated by

N
(
n− 1,

√
2(n− 1)

)
. So the confidence interval can be computed as follows

s2

1 + zα
2

√
2

n−1

≤ σ2 ≤ s2

1− zα
2

√
2

n−1
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Confidence interval for the difference between two population means µ1 − µ2:

Let X1, . . . , Xn
i.i.d∼ N(µ1, σ) and Y1, . . . , Ym

i.i.d∼ N(µ2, σ) where σ2 is unknown. We want to find a
1− α confidence interval for µ1 − µ2.
We know

X − Y ∼ N

(
µ1 − µ2, σ

√
1

n
+

1

m

)
Aside: Suppose σ is known. Then,

µ1 − µ2 ∈ X − Y ± zα2 σ
√

1

n
+

1

m

Recall from previous lecture that

(n+m− 2)S2
p

σ2
∼ X 2

n+m−2

where S2
p =

(n−1)S2
X+(m−1)S2

Y

n+m−2 . Using the two distribution we get

X − Y − (µ1 − µ2)√
S2
p

(
1
n + 1

m

) ∼ tn+m−2

Finally, we have

µ1 − µ2 ∈ X − Y ± tα2 ;n+m−2Sp

√
1

n
+

1

m

Simple Regression:

Have Yi = b0 + b1Xi + εi where ε1, . . . , εn
i.i.d∼ N(0, σ). Construct a 1− α confidence interval for b1.

b̂1 ∼ N
(
b1,

σ√∑
(xi−x)2

)
(n−2)S2

e

σ2 ∼ X 2
n−2

 =⇒ b̂1 − b1
Se/
√∑

(xi − x)2
∼ tn−2

Thus,

b1 ∈ b̂1 ± tα2 ;n−2 ·
Se√∑

(xi − x)2

§11.2 Prediction Intervals

Let Y1, . . . , Yn
i.i.d∼ N(µ, σ). We want to predict Y0. It turns out that Ŷ0 = Y . In order to show that,

let Ŷ0 =
∑
aiYi. Then, we want it to be unbiased, i.e., EŶ0 = µ or E

∑
aiYi = µ =⇒

∑
ai = 1.

Lastly, we need to minimize E(Y0 − Ŷ0) – mean square error prediction. Since Ŷ0 is unbiased,

E
(
Y0 − Ŷ0

)2

= var
(
Y0 − Ŷ0

)
Use Lagrange multiplier the optimization problem becomes

minQ = var(y0 − ŷ0)− 2λ(
∑

ai − 1)

= σ2 + σ2
∑

a2
i − 2λ(

∑
ai − 1)
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Then,

∂Q

∂ai
= 2σ2ai − 2λ = 0

=⇒ ai =
λ

σ2

Let’s find λ. ∑
ai︸ ︷︷ ︸

1

=
nλ

σ2
=⇒ λ =

σ2

n

=⇒ ai = 1
n and thus Ŷ0 =

∑
aiYi = Y .

§11.3 Hypothesis Testing

Definition 11.3 (Hypothesis Test) — A hypothesis test is a claim about a parameter of a
population. The two hypotheses are called “null” and “alternative” hypotheses which are
denoted with H0 and Ha respectively. Note that

H0 : θ ∈ Θ0

Ha : θ ∈ Θc
0

Example 11.4 1. Consider the simple regression model: yi = b0 + b1x + εi. We want to
test H0 : b1 = 0, i.e., there is no association between the respond and predictor variable.
As a result, Ha : b1 6= 0, i.e., there is a linear association between y and x.

2. Test for proportion of defective items at a certain production line:

H0 : p = p0

Ha : p > p0

Assume X1, . . . , Xn
i.i.d∼ N(µ, σ) and H0 : µ = 10, Ha : µ > 10. We know X ∼ N(10, σ√

n
). Suppose

α = 5%.
P (T (x) ∈ RR|H0) = 5% – Type I Error

where RR refers to rejection region. Notice that

• Type I error α = P (falsely rejecting H0)

• Type II error β = P (falsely accepting H0) where 1− β = power of the test.

Theorem 11.5 (Neyman-Pearson)

Suppose X is a random variable and we need to decide whether the probability distribution is
either f0(x) or f1(x). Let k be some positive number, and define the following two sets

A =

{
x
∣∣∣f0(x)

f1(x)
> k

}
R =

{
x
∣∣∣f0(x)

f1(x)
< k

}
If data x is in set A, then we accept H0. Similarly, if data x is in set R then we accept Ha.
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Example 11.6

Let X be a single observation from the probability density function f(x) = θxθ−1 where
0 < x < 1. Find the most powerful test using significance level α = 0.05 for testing H0 : θ = 1
and Ha : θ = 2.
We reject H0 if

f0(x)

f1(x)
< k

1

2x
< k

x >
1

2k
= k′

which is the best critical region.

Question 11.1. How do we find k′?

Using α = 0.05

P (X > k′|H0) = 0.05∫ 1

k′
dx = 0.05

1− k′ = 0.05 =⇒ k′ = 0.95

Notice that the power of the test is 1− β = P (X > 0.95|Ha).

Example 11.7

X1, . . . , Xn
i.i.d∼ N(µ, σ) where σ2 is known. We test H0 : µ = µ0 and Ha : µ > µ0.

We reject H0 if

L(θ0)

L(θa)
< k

(2πσ2)−
n
2 exp

(
− 1

2σ2

∑
(xi − µ0)2

)
(2πσ2)−

n
2 exp

(
− 1

2σ2

∑
(xi − µa)2

) < k∑
x2
i + nµa − 2µa

∑
xi −

∑
x2
i − nµ2

0 + 2µ0

∑
xi < 2σ2 ln k

2(µ0 − µa︸ ︷︷ ︸
<0

)
∑

xi < 2σ2 ln k − nµ2
a + nµ2

0

∑
xi/n >

2σ2 ln k − nµ2
a + nµ2

0

2(µ0 − µa)n

X > k′

which is the best critical region of size α. So

P
(
X > k′

∣∣∣H0

)
= α

k′ − µ0

σ/
√
n

= Zα

k′ = µ0 + Zα
σ√
n
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Example 11.8 a) H0 : λ = 3, Ha : λ = 5, and X1, . . . , Xn
i.i.d∼ exp

(
1
λ

)
L(θ0)

L(θa)
< k(

1
3

)n
e−

1
3

∑
xi(

1
5

)n
e−

1
5

∑
xi
< k

e(
1
5−

1
3 )
∑
xi <

(
3

5

)n
k

∑
xi >

ln
(

3
5

)n
k(

1
5 −

1
3

) = k′

b) If n = 12 and using 2
λ

∑
Xi ∼ X 2

24, find the best critical region when the significance
level α = 0.05.

P
(∑

Xi > k′
∣∣∣H0

)
= 0.05

P

(
2

1

3

∑
Xi >

2

3
k′
)

= 0.05

P

(
X 2

24 >
2

3
k′
)

= 0.05

X 2
0.95;24 = 36.42

2

3
k′ = 36.42 =⇒ k′ ≈ 54
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§12 Lec 12: Sep 9, 2021

§12.1 Hypothesis Testing (Cont’d)

Recall the Neyman-Pearson Lemma: X1, . . . , Xn random sample. We reject H0 if

L(θ0)

L(θa)
< k

Example 12.1

H0 : µ = µ0, Ha : µ > µ0 and we have normal distribution (i.i.d) with n random variables
and σ is known. The best critical rejection region of size α is X > k′.

P
(
X > k′|H0

)
= α

Under H0, X ∼ N
(
µ0,

σ√
n

)
. Thus,

k′ = µ0 + Zα
σ√
n

Power of the test:

1− β = P (rejecting H0when H0 is false) = P
(
X > k′|H0 is false then µ = µa

)
So

1− β = P

(
X > µ0 + Zα

σ√
n

)
= P

(
Z >

µ0 + Zα
σ√
n
− µa

σ/
√
n

)

Observe how the following parameters affect the power

Parameters 1− β
α ↓ ↓
n ↑ ↑
σ ↓ ↑

|µa − µ0| ↑ ↑
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One-sided Test:

H0 : µ = µ0

Ha : µ < µ0 α

c µ0 X

1− α

β

Xµa c

The power then is

1− β = P
(
X < c|Ha

)
= P

(
X < µ0 − Zα

σ√
n

)
= P

(
Z <

µ0 − Zα σ√
n
− µa

σ/
√
n

)

Two-sided Test: H0 : µ = µ0, Ha : µ 6= µ0

c1

α
2

α
2

c2
X

µ0

1− α

c1 c2

β

µa X

The power then is

1− β = P (X < c1) + P (X > c2)

= P

(
X < µ0 − Zα

2

σ√
n

)
+ P

(
X > µ0 + Zα

2

σ√
n

)
= P

(
Z <

µ0 − Zα
2

σ√
n
− µa

σ/
√
n

)
+ P

(
Z >

µ0 + Zα
2

σ√
n
− µa

σ/
√
n

)
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Sample Size Determination:
Given α, β and H0 : µ = µ0, Ha : µ > µ0. Find n in order to detect a shift from µ0 to µa (assume
σ is known).

Zα = c−µ0

σ/
√
n

−Zβ = c−µa
σ/
√
n

}
=⇒

c− µ0 = Zα
σ√
n

c− µa = −Zβ σ√
n

}

Thus,

n =
(Zα + Zβ)2σ2

(µa − µ0)2

Note that we always use positive values for Zα, Zβ .

Example 12.2

For a certain candidate’s political poll n = 15 voters are sampled. Assume that this sample is
taken from an infinite population voters. We wish to test H0 : p = 0.5 against the alternative
Ha : p < 0.5. The test statistic is X, which is the number of voter among the 15 sampled
favoring this candidate.

a) Calculate the probability of type I error α for RR = {x ≤ 2}

α = P (X ≤ 2|p = 0.5)

=

2∑
x=0

(
15

x

)
0.5x0.515−x

b) How about type II error where p = 0.3

β = P (X > 2) =

15∑
x=3

(
15

x

)
0.3x0.715−x

§12.2 Likel ihood Ratio Test

We reject H0 if

Λ =
L(û)

L(Ω̂)
< k

where L(û) is the maximized likelihood function under H0 and L(Ω̂) is the maximized likelihood
function under no restrictions.
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Example 12.3

X1, . . . , Xn
i.i.d∼ N(µ, σ) where σ2 is unknown. H0 : µ = µ0, Ha : µ 6= µ0.

X ∼ N
(
µ0,

σ√
n

)
(n−1)S2

σ2 ∼ X 2
n−1

 =⇒
X−µ0

σ/
√
n√

(n−1)S2

σ2 /(n− 1)
=
X − µ0

S/
√
n
∼ tn−1 – test statistic

We reject H0 if t > tα
2 ;n−1 or t < −tα

2 ;n−1.
Another approach is to use likelihood ratio test. Under H0,

L =
(
2πσ2

)−n2 exp

(
− 1

2σ2

∑
(xi − µ)2

)
lnL = −n

2
ln 2πσ2 − 1

2σ2

∑
(xi − µ0)2

MLE of σ2 is

σ̂0
2 =

∑
(xi − µ0)2

n

Under no restrictions the MLEs of µ and σ2 are X and σ̂1
2 =

∑
(xi−x)2

n . Then,

Λ =
(2πσ̂0

2)−
n
2 exp

(
− 1

2σ̂0
2

∑
(xi − µ0)2

)
(2πσ̂1

2)−
n
2 exp

(
− 1

2σ̂1
2

∑
(xi − x)2

) < k

Note:
∑

(xi − µ0)2 = nσ̂0
2 and

∑
(xi − x)2 = nσ̂1

2.(
σ̂1

2

σ̂0
2

)n
2 e−

n
2

e−
n
2
< k

σ̂1
2

σ̂0
2 < k

2
n

∑
(xi−x)2

n∑
(xi−µ0)2

n

< k
2
n

∑
(xi − x)2∑
(xi − µ0)2

< k
2
n∑

(xi − x)2∑
(xi − x)2 + n(x− µ0)2

< k
2
n

1

1 + n(x−µ0)2∑
(xi−x)2

< k
2
n

So, (
X − µ0

S/
√
n

)2

> (n− 1)
(
k−

2
n − 1

)
= k′

or F1,n−1 = t2n−1 > k′.

P
(
t2n−1 > k′

)
= α

P
(
−
√
k′ ≤ tn−1 ≤

√
k′
)

= 1− α
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Asymptotic Result:

−2 ln Λ ∼ X 2
γ0−γ

where γ0 is number of free parameters under H0 and γ is number of free parameters under no
restrictions.

§12.3 Power Analysis

For unknown σ, if H0 is true then
X − µ0

σ/
√
n
∼ N(0, 1)

Then,
X − µ0

S/
√
n
∼ tn−1

If H0 is not true
X − µ0

σ/
√
n
∼ N(

µa − µ0

σ/
√
n
, 1)

Then
X − µ0

S/
√
n
∼ tn−1

(
NCP =

µa − µ0

σ/
√
n

)
Now, the power is

1− β = P
(
tn−1(NCP = δ) > tα

2 ;n−1

)
+ P

(
tn−1(NCP = δ) < −tα

2 ;n−1

)
To compute δ we need µa and σ.
Hypothesis Testing in Regression:
Have

Yi = b0 + b1Xi + εi

H0 : b1 = 0

Ha : b1 6= 0

Recall that

b̂1 ∼ N

(
0,

σ√∑
(xi − x)2

)
and

(n− 2)S2
e

σ2
∼ X 2

n−2

Then,

b̂1

Se/
√∑

(xi − x)2
∼ tn−2

§12.4 Two Sample t Test

X1, . . . , Xn
i.i.d∼ N(µ1, σ) and Y1, . . . , Yn

i.i.d∼ N(µ2, σ) where σ2 is common but unknown. We want
to test

H0 : µ1 = µ2 (or µ1 − µ2 = 0)

Ha : µ1 6= µ2 (or µ1 − µ2 6= 0)
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Under H0, we have

X − Y ∼ N
(

0, σ
√

1
n + 1

m

)
(n+m−2)S2

p

σ2 ∼ X 2
n+m−2

 =⇒ X − Y√
S2
p

(
1
n + 1

m

) ∼ tn+m−2

Using likelihood ratio test: Under H0,

L = (2πσ2)−
n
2 e−

1
2σ2

∑
(xi−µ)2(2πσ2)−

m
2 e−

1
2σ2

∑
(xi−µ)2

µ̂ =
nx+my

n+m

σ̂2
0 =

∑
(xi − µ̂)2 +

∑
(yi − µ̂)2

n+ n

Under no restriction, there are three free parameters

µ̂1 = x

µ̂2 = y

σ̂2
1 =

∑
(xi − x)2 +

∑
(yi − y)2

n+m

Then,

L(û)

L(Ω̂)
< k

σ̂1
2

σ̂0
2 < k

2
n+m∑

(xi − x)2 +
∑

(yi − y)2∑
(xi − µ̂)2 +

∑
(yi − µ̂)2

< k
2

n+m

Note that ∑
(xi − µ̂)2 =

∑
(xi ± x−

nx+my

n+m
)

=
∑

(xi − x)2 + n

(
x− nx+my

n+m

)2

Apply the same trick to the y term and we can simplify the inequality.
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