Stats 100B — Intro to Statistics

University of California, Los Angeles

Duc Vu
Summer 2021

This is stats 100B taught by Professor Christou. The formal name of the class is Intro-
duction to Mathematical Statistics. There is not an official textbook used for the course.
Instead, handouts and reference materials are distributed and can be accessed through the
class website. You can find other math/stats lecture notes through my personal blog. Let me
know through my email if you notice something mathematically wrong/concerning. Thank you!
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§1.1 Review of Stats 100A

Let X be a random variable.

Discrete RV Continuous RV
Distribution Function pmf pdf
Expected Value EX =) xp(x) EX = [ af(zx)dx

Expectation Function | Eg(z) = >, g(x)p(z) | Eg(x) = [, g(z) f(z)dx

Variance EX? — (EX)? EX?— (EX)?

Let X,Y be random variables with the joint pdf/pmf f(x,y). If X,Y are independent, then

flz,y) = f(x) - f(y)

where f(z) is the marginal pdf of 2 and f(y) is the marginal pdf of y. Also,

f(x) = / f() dy

Y

fly) = / f(x,y) da

Theorem 1.1
X,Y are independent if and only if

f(z,y) = g(z) - h(y)

I Remark 1.2. g(z) and h(y) are not necessarily the marginal pdf of z and y respectively.

Proof. Let ¢ = [, g(z)dzx and d = [ h(y)dy. Notice that

c-d://g(x)h(y) dedy =1
T p@w
@,y

Now, we find f(z) and f(y)

f(z) = / Fay) dy / g(2)h(y) dy = g(z)d

f(y) =/f(x’y) dx /g(x)h(y) dx = h(y)c

So,
f(@,y) = g(x)h(y)ed = f(2)f(y)
Therefore, X,Y are independent. O
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Let X ~I'(«, 8). Then, for x > 0,a > 0,5 > 0,

where

We have the following properties

MNa+1)=al(a)
MNa+2)=(a+1)I'(a+1
=(a+ 1) (a—1
If « is an integer, then
INa) = (a—1)!

Kernel function of I'(«, ) is

Let’s make a substitution y = £. Then,

™8

[ et tan= [ gyeesay
0 0

=5 [ oieay
0

So

§1.2 Exponential Families

Definition 1.3 (Exponential Family) — A random variable X belongs in the exponential family

if its pdf/pmf can be expressed as follows

F(@lf) = h(z) - c(f) - eXZim O 1)




Duc Vu (Summer 2021) 1 Lec 1: Aug 3, 2021

Example 1.4
Let X ~ b(n,p) with n fixed. Show that this belongs in an exponential family.

So, we have

Notice that in this case we have one parameter, and that is § = p.

Example 1.5
X ~ Poisson(\) and

4 dw; (6 dln c(f )
Theorem 1.6 a) E[ g;eg)ti(x)] = _%‘()
k  wi (0 9% 1Inc(f ko 9%wi(0
b) var (zizl il )ti(:zz)) — 250 _p [E»:l sty )
- J
Example 1.7

If X ~ Poisson(A) then show that EX = A. From the theorem above (a)

E [%X} =—(-1) = EX =\

Exercise 1.1. X ~ N(u,0). Show that f(X) belongs to an exponential family.

1
oV 2T

2
e~z (@1

fx) =
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§1.3 Moment Generating Functions

Definition 1.8 (Moment Generating Function) — Let X be a random variable. Then the mgf

of X is
0= 50 = L e
Moments:
Mx(t) = / e f(x) da
M (t) = / wet® f(z) da
My (0) = /xf(m) iz = EX
M (t) = / %6t f(z) da
My (0) = / 22f(x) dz = EX?
var(X) = EX? - (EX)?
Theorem 1.9

Let ¢(t) = In Mx (t). Then

Proof. We have

and

The MGF of

v My (1)

AU TNE

, My(0)  E(X)
¢'(0) Mi(()) —=EX
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e Binomial — X ~ b(n, p)

=0
n n .
=3 (wera-pr
T
=0
= (pe' +1—p)"
e Poisson
ATe~A
p(z) = T z=0,1,2,...
> ATe~A
_ tx
Mx(t)=) e —
z=0
= — ()\et)w
=¢ Z !
=0
_ e—/\eAet
= ek(etfl)

e Gamma — X ~ I'(e, 8), ,, 8 > 0. Note that if A =1 and 8 = %, then f(z) = Xe 7, i.e.
exponential distribution.

_z
afle B

MX(t) = /0 etzW dx

o) zafle—m(%—t)
= T

Let y==x (% — t). Then, after some “massage”, we obtain

Mx(t) = (1—-pt)™"

e Exponential — X ~ exp(A). Then,

e Normal - Z ~ N(0,1)

f) = =1, —so<z<
z) = e 2%, —00<z< 00
V2T
Mz(t) = Ee'** /oo ey
= Fe”* = e e z
z o V2T
= 52 /Oo 1 67;(Z t)2
oo V2T
— e3t?

Properties of MGF:
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Theorem 1.10
If X,Y are independent, then

Mx 1y (t) = Mx(t) - My (t)

Proof. We have

Mxqy (t) = Be"XH)
- B (etX . etY)
= (Be'X)(Ee")
= Mx(t) - My (t) [

Example 1.11

Let Xy, Xo,..., X, be iid random variables with X; ~ exp(\). Find the distribution of
X1+ Xo+...4+ X,,. From the theorem above, we have

Mx,+ x4, +x,(t) = Mx, () - Mx,(¢) ... Mx, (¢)

Thus, the sum X; —|—X2+...+XnNI‘(n,§).
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§ 2 ‘ Lec 2: Aug 4, 2021

§2.1

Moment Generating Functions (Cont’d)

Example 2.1 (Method of MGF)
X ~ Poisson(A1), Y ~ Poisson(Az2), and X, Y are independent.

Mx 1y (t) = Mx(t) - My ()
= e>\1(8t—1) . e)\g(et—l)

— e(>\1+A2)(et—l)

unique generating function).

Thus, X +Y ~ Poisson(A; + A2) (by uniqueness theorem, i.e., each distribution has its own

Example 2.2 (Method of MGF)
Let X1, Xa, ..., X, '~ Poisson()) and T = X1 + Xo + ... + X.

Mr(t) = (Mx, (t)"

_ (ex(ef_n)

t
enk(e —-1)

So, T' ~ Poisson(n\).

Example 2.3 (Method of PMF)

From Example 2.1, we have

k
PX+Y=k) =) pX=iY=k—i)

=0
k
=D p(X =14 -p(Y =k—1i)
=0
_ k )\ﬁe_)‘l )\’chie_A2
= (k —4)!

k i \k—i
— Gt 3 AL I
2 il(k— i)l

e~Gatda) F g\ o
k! ;(JAW

()\1 + )\Q)ke*(/\ﬁr&)
k!

Thus, X + Y ~ Poisson(A; + \3).

10
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Example 2.4
Suppose X ~ b(n1,p), Y ~ b(ne2,p), and X,Y are independent. Find the distribution of X + Y.

Mx 1y (t) = Mx(t) - My ()
= (pe' +1 —p)™ (pet +1 —p)n
_ (pet +1— p)n1+n2

2

Thus, X +Y ~ b(ny + na, p).

Properties of MGF:

a) MGF of X + a is

M 1q(t) = BEe!XH0)
_ eta, . EGtX _ etaMX(t)

b) MGF of bX is

MbX (t) = E@tbx

= FEet' X
= Mx(t") = Mx (bt)

Example 2.5
X ~T(a, B). Then,
Mx(t)=(1-pt)""

Let Y = ¢X where ¢ > 0. We want to find the distribution of Y.

(a) Method of MGF:

My (t) = M.x(t) = Mx(ct)

=(1—-cpt) @
Therefore, Y ~ T'(a, ¢f3).
(b) Method of CDF:

Fy(y) = P(Y <vy)
=p(cX <y)

Y

= < Z
pX<7)

Then, Fy (y) = Fx (). Take derivative w.r.t. y

fr(y) = %fx (%)

291”5
f(l’) = F(a)ﬁa

1 Y
Lastly, replace X with =.

11
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¢) MGF of £t¢ is

Use these properties to find the MGF of X ~ N(u, o). Recall that if Z ~ N(0,1), then
My(t) = ezt
So, standardizing x to obtain

_X-p
g

= X =u+oZz
Then,
Mx (t) = Myyoz(t)
— Eetlutoz)
= e'" My(ot)

1,2 2
— etueit o

Thus, Mx (t) = ettt3t’”

Example 2.6

Let X ~ N(ui,01) and Y ~ N(uz,02) and X,Y are independent. We want to find the
distribution of X + Y.

Mx 1y (t) = Mx(t) - My ()
— etMIJF%tQ‘T% . 6t;42+%t20'§

— et(mrtp2)+5t% (05 +03)

Thus, X +Y ~ N (ul ¥ i, /02 +ag).

Example 2.7

i

Let X1, X, ..., Xn ~' N(u,0). Let T = X1 + Xa + ...+ X,. Then

Mrp(t) = (Mx, ()"
_ <etp+%t202)

142, 2
— elnptztine

Thus, T ~ N(np,o+/n).

12
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Example 2.8
Let X = =X = T Rind M(1).

n

t

Mx(t) = Mr (ﬁ)

1,202
_ gtutitie

Therefore, X ~ N(u, \/Lﬁ)

Recall

Theorem 2.9 (Central Limit Theorem)

Let T = X; + ...+ X,, with mean p and variance o2 (can follow any distribution other than
normal). As n — oo,
T —np

ov/n

— N (0,1)

Proof. Start with the MGF and as n — co we obtain

Mo (t) — 2" 0
o/n
§2.2 Joint MGF
LetX:[Xl Xo ... Xn]Tbearandomvectorandtz[tl ta ... tn]T.

Definition 2.10 (Joint MGF) — Joint MGF of X is defined as

Mx(t) = Ee!' X = BeXtiXi

Let X be a random vector (as above) with mean vector u = [,ul ta ... un] T, ie.,
X1 EX1 M1
X2 EX2 125
pn=EX=E| " |=]| . |=].
X EX.]  Lwn

and variance covariance matrix is defined as

g9 ... O1n

Y=|: . | =E[X-pX-pT]

13



Duc Vu (Summer 2021) 2 Lec 2: Aug 4, 2021

Special Case: For i.i.d random variables,

7 1
w 1
p=1.|=n =pl

W 1

1 0

M = 0'2 E = 0'21
0 1
Now, let’s discuss two results.
1. Let a = [al as ... an} T be a vector of constants. Find the mean and variance of a' X.

Fa'X=a"EX=0a"p
var(a' X) = E(a' X —a'p)?
=a' [E(X —p)(X —p)]a

=a'Ya
or using summation, we have
n n—1 n
var(a' X) = Z a? var(X;) + 2 Z Z a;a; cov(X;, X;)
i=1 i=1 j>i

Example 2.11

For n = 3,

2
01 012 013 a1
2
var(a1X1 + as X9 + a3X3) = [al as a3] 021 05 0923 ao
031 032 o% as

2 2 2 2 2 2
= ajo] + a505 + a305 + 2a102012 + 26103013 + 20203023

2. Let
a1 a12 e Qip
a21 a922 ... Qon
A =
ap1  Ap2 ... dpn

be a p X n matrix of constants. Find mean and variance of the vector AX.
E(AX)=AEX = Au
var(AX) = E [(AX — Ap)(AX — Au)T]
= AB(X —p)(X —p)TAT
=A¥AT

Consider X TAX where X : n x 1, A:n x n symmetric. For example, n = 2,
_ X
=[x

ik

14
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Then X TAX = 5X2 4+ 3X2 +4X, X,.

E|XTAX
S——

scalar

= Etr(XTAX)

Note that tr(ABC) = tr(BCA) = tr(CAB) # tr(BAC)

Xy |t
Let X = |:X2:|7 = [ } Then,

Mx(t) E(ethl-‘rthz)

/ / etlmlﬂﬂzf(xl, x9) dzy dzo
Ty xro

OMx (t
M (t) = BZ():/ / a1 TR0 f (1, 2p) day diy

Set t = 0, we obtain

My (0) ://xlf(xl,xg)dxl ds

= /m 1 [/@ f(x17.%'2)d.%'2:| dxq

:/ xy f(w1) day
=FX;
So,

var(X,) = EX? — (EX,)?
COV(Xl,Xg) = E(Xl,XQ) — (EXl)(EXQ)

15
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§3 ‘ Lec 3: Aug 10, 2021

§3.1 Method of Transformation

Let X be a random variable and Y = g(X) be a function of X. If g(X) is increasing or decreasing
function of X, then the pdf of Y is given by

(W) = fxlo™ ) \dgl(y) \

dy

This is known as the method of transformation.

Example 3.1 (Increasing Function Case)

Let Y =3X — 1.
e Method of CDF:

Fy(y) =p(Y <vy)

— P(3X — 1<y)
+1
—P(XSyT)

Thus, fy(y) = 5 fx (£Y)

e Method of transformation

Example 3.2

X ~ I'(a,B). Let Y = ¢X for some ¢ > 0. Find the pdf of Y using the method of
transformation.

Frlw) = fx (g) 2 (1)

dy
o (3),
BeT(a)e>1 ¢
a—1

y*texp(— %)

L) (cp)™

= Y ~T'(a,cp).

Let X7, X5 be random variables with joint pdf f;, ., (21, 22). Now, suppose that y1 = g1(x1,z2)
and yo = go(x1,x2). We want to find the joint pdf of Y7, Ya.

16
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Let 1 = h™ ' (y1,y2) and @9 = h; *(y1,92). Now, let’s find the Jacobian of the transformation.

Ahy M (y1,y2)

Ak (y1,y2)

B Oy1 0y
ohy '(y1,y2)  Ohy ' (y1,y2)
Oy1 Oy2
or
9g1(z1,x2)  9gi(z1,72)
oz Oxo
0g2(z1,22)  0g2(%1,%2)
oz Oxo

Finally, we find the joint pdf of Y7 and Y5 by using the inverse function

T, = hfl(yl,?ﬁ))
s = 1 X2 - 1
v (Y1,92) = fx,x (mg = hy ' (y1,92) I

or by using the original function

T = hf1(1117y2)> -1
) = . '
Friva (Y1, 92) = fx,x, (x2 = hy " (y1,92) o

Example 3.3

Let X1 ~ exp(A1) and X5 ~ exp(Az2). Suppose U = X1 + X and V = X; — X5. Find the
joint pdf of U and V if X, X5 are independent.
The joint pdf of Xy, X5

Fxix, (@1, 32) = f(21) - f(72) = M Age” P11 tiem)

First, let’s find x; and x5 in terms of v and v.

u—+v
Tr] = B
u—v
o = B)

Then, we can calculate the Jacobian as follows

- 1
7o 2

NI= D=
\

(SIS

or if we want to use the original function then

So, the pdf is
A1 Ao

fov(u,v) =

17
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Example 3.4
Let X ~I'(a1,8) and Y ~ I'(ao, 8), X,Y are independent. Let U = X +Y and V = XL_H/
Find the joint pdf of U, V.
= uv
Y=u—uv
The Jacobian is
J—| v wl_ o,
Cl=-v —u|
So the pdf is
(uv)*r =1 (u(1 — v))o"rl exp (—%)
fov(u,v) = T (o) T (ag) poras u
uaﬁ»ag 1 exp (_% ,Ualfl(l _ ,U)Oégfl
- [(on)[(a)Bor o2
From the example above notice that if we multiply %, then we obtain
ua1+a271 exp (—%) Ua171(1 . ,U)azfl
fov(u,v) = Tor
F(Ozl + 052)60‘1 @2 B(Ozl, 042)
We can observe that U ~ I'(ag + ag, 8) and V ~ beta(a, az) where B(ag, ag) = LUCIDINCE Yy Y

we can observe that U and V are independent.

§3.2 Joint MGF (Cont’d)

Consider
X1 i1
X = : s t e
X, tn
Mx(t) = Eet X = EeXtiXi
Suppose
Xy
Xo
Y
l]-e
Xy
X5

and similarly,

Apply what we assume,
Mx(t) = EBet' X = Eexp ((uT v (g))
= Fexp (Z U Y; + Z vizi)

18

F(a1+a2) °
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Now, we let all v; =0,

Mx (t) = Eexp (Z uiyi) = FEexp (uTY) = My (u)

In general,
My(u) = MX (u, O)
Mz(v) = Mx(o,v)
Example 3.5
For n =3,

Mx(t1,ta,t3) = (1 —t1 +2t2) 741 — t1 + 3t3) 3 (1 — t1) 2
Then, say we want to find Mx, (1) — set to =t3 =0,

Mx (t1,0,0) = (1 —t;)7°

or for tl,t3
My, x,(t1,t3) = Mx(t1,0,t3) = (1 —t1)7%(1 — t; + 3t3) =3

Note (on independence): Use the same notation as above X, t. Y and Z are independent if and
only if
Mx(t)=Fexp(u'Y +v'Z) = Ee'Y . pev'Z = My (u) - Mz(v)

Example 3.6

Consider:
Mx(t1,ta,t3) = (1 — t1 + 262) 4 (1 — 1 + 3t3) 2 (1 — t1) 2

1. Find MGF of (Xl)

My, x,(t1,0,t3) = (1 —t1)7(1 — t1 + 3t3) ™3

2. Find MGF of X;
My, (t1) = (1—t1)7°

3. Find MGF of X3
My, (t3) = (1 + 3t3)™3

4. Are X1, X3 independent?
Notice that Mx, x,(t1,t3) # Mx, (t1) - Mx, (t3). Thus, X7, X3 are not independent.

§3.3 Multivariate Normal Distribution

Suppose Y is a random vector (n x 1) with mean vector g and variance covariance matrix 3. Then,
we say that Y ~ N, (u, X) if its joint pdf is given by the following
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If n = 2, then we have the bivariate normal distribution with
_ (M D — g % 012
H M2/’ 021 03

5 — O’% po102
po102 US

where p = 222 We now want to find the joint MGF of Y ~ N,,(u,X). Let Z1, Z5,...,Z, be iid

g

and ~ N(0,1). Show that Z ~ N(0, I).

or

So,

Thus, Z ~ N(0,1).
Now, let’s find the joint MGF.

142 142
3t1 ...eitn

Suppose now Y ~ N, (p,X). Show that Z = £~ (y — p) follows N, (0,1).
Notice that 3 is a symmetric matrix and its spectral decomposition is given by

¥ =PAP'
where

A1 0

A2
A =

0 An
where A1,..., A, are the eigenvalues of ¥ using |X — AI| = 0. We also have the corresponding
eigenvectors in which 3x = Ax. The normalized eigenvectors are denoted with eq,...,e,. They are
orthogonal, i.e., PPT = I in which P = (e1 ey ... en). In addition, observe that e; "'eq = 1,

e; ez = 0 (for example).

Remark 3.7. Using spectral decomposition, we can compute X1, E_%, 32 more conveniently by
ST =PAT'P’
$2 = PAPT
1.1
3232 =%
X2 =PA P
RS
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§4.1 Multivariate Normal Distribution (Cont’d)
If Z1,...,Zy %' N(0,1). Then Z ~ N(0,) and
Mz(t) = Bet = = ettt

If Y ~ N,(u, %), then let’s show that Z = X=2(Y — p) follows N (0, I).
Note: From univariate normal, if Y ~ N(u,0), then Z = % = (6272 (Y — p) ~ N(0,1).

Proof. We have ) .
Z=3"2Y-3¥"2p

Let
V11 V12 ... Vin
S5 —
Unl Un2 ... 7Unn
Then
Z1 = v1Y1 + vi2y2 + ... + V1nYn — constl
Zy = v21y1 + V22Y2 + . .. + VapY, — const2
L = Un1¥Y1 + Un2y2 + - . . + Unnyn — constn
a) Pdf of Y
fly) = 1 BT (2T k)
(2m)®
and )
Z=%">(Y-p)
So )
Y=32Z+p
b) Jacobian
8Z1 azl
ayl e 8y’ﬂ
1 1
J=| | =1 = s
9Zy 0Zy
OYyn1 """ OYnn

Finally, we can find the pdf of Z as follows

1 1 1 1 T 1 1
1@ = G = e (< (Blasu-n) 2 (Slaru-u)) [
1 1T
= 3% Z
f(Z) (27_(_)%6
Thus, Z ~ N(0, I). 0

Now, we use this result to find the joint MGF of Y ~ N, (i, X). If Z ~ N(0,1), then
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For the MGF of Y ~ N(u,0),
MY (t) — Mo’Z-{-;,L(t) _ etﬂ+%t20‘2

Then, for multivariate normal, Y ~ N(u, 3)

Z=%3(Y - p)
Solve for Y )
Y=3:Z+p
So, the MGF is
My(t) =My, ()

Let t* = X3¢,

*T

My (t) = et H . et
_ etT“ ) e%t*Tt*

Replace t* = 22t to obtain
My (t) = et Htat Bt

Theorem 4.1

Let Y ~ N,(p,3). Suppose A is a m X n matrix of constants and C is a m x 1 vector of

constants. The distribution of AY + C is multivariate normal.

Proof. Consider the MGF

Mayc(t) = Eet' (AY+0)

T T T
— ot CEpATYTY

Let t* = ATt.

T *T
MAy+C = et CEBt Y

_ etTC . MY(t*)

_ etTcet*TM-‘r%t*TEt*

Substitute t* = ATt to get

tT (Ap+C)+1itTASA Tt
May yc(t) = et (Au+CI+3

Thus, AY + C ~ N,,, (Ap+ C,AZAT).
In addition, we have
E(AY+C)=Ap+C
var(AY + C) = AZA '
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(Theorem 4.2 )
Let

Y1

Y,
Yl) <10|000)
<Y2 0100 0)

Y

where A = (I O). Then

Vi
(YD ~N (Ap,AZAT)

(@ o) a5 52)6)
g ~ N (g, 311) p

Also, the linear combination follows the normal distribution in which

aYi4aYo+...a,Y, =a' Y ~ N(a'pu,Va' Xa)

§4.2 Statistical Independence
Suppose

=
I
—
=
NG
™

_ (X X
o1 X
Then

1 1 1
My (t) = exp (tTH + QtT2t> = exp <t1TH1 + by py + §t1TEut1 + §t;222t2 + trzmtz)

If 212 = 07 then

1

1
My (t) = exp (tlul + QtIZutl) - exp <t2Tu.2 + 5

t;222t2>

or
MY(t) = MQI (tl) : MQ2 (t2)
So if cov(Q1, Q2) = 0, then Qq, Q2 are independent.
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[Theorem 4.3 A
Let Y ~ N(u,X) and consider AY and BY.

AY A
(59) - (@) x-wr
Then
var(LY) = LEL"

- (g) S (AT BT)

_ (ASAT AXBT
~\BzAT BzB'

AY and BY are independent if AXBT = 0 or check cov(AY,BY) = AXB'.

§4.3 Conditional PDF of Normal Distribution

Consider the bivariate case (n = 2).

fyly) = — -
1

Notice that f(y1,y2) is bivariate normal. Thus, f(y1) is univariate normal, Y7 ~ N(u1,01). So

1 *%(ZH*M)Q
= e 291
f(yl) 0_1\/%

The conditional pdf then is

2
1 [m—wu—p%@z—mﬂ

1
_ exp |—=
fY1|Y2 (y1|y2) O’%(l _ p2)\/ﬂ P 2 U%(l - p2)

Q: y 31 X
Y = s = s 2 =
(Q2 H Mo o1 X
and Y ~ N(u,X). Then, the conditional distribution of Q; given Qs is also multivariate normal,
Le., Qi[Qz ~ N(py)p, X1)2) where

In general, suppose

Myjg = py + 212355 (Qa — 1)
Y =301 — 2135, B0

Proof. Let

U= Q1 — X2¥0

-1
o (i) =)@

=AY

24



Duc Vu (Summer 2021) 4 Lec 4: Aug 12, 2021

Let’s find the mean and variance covariance matrix of (3)

g(O)_ (! —Zu3n) (m
A% 0 1 H2
_ (Hl - 21222_21M2>

M2

Variance

var <U> =AXAT

\Y
T 23N (2 Zi I 0"
~\o I o1 Zao ) \ -3 T
_(Zn %135, 8 0

0 IS

Notice that cov(U, V) = 0, so U,V are independent because jointly they follow multivariate
normal. O

Question 4.1. Find cov(U, V) using cov(AY,BY) = AXBT
We have

cov(U, V) = cov(Q1 — T12%5, Q2, Q2)
= cov(Q1, Qa) — cov(Z1235;, Q2, Q2)
=1 — D235, Doo
=0
Observe that
Q=U+323%5)Q;
Then
Q1|Q: =U|Q2 + 1235, Qo
but Qg = V

Qi1Q: = U|V + 2125, Q,
=U+ 31235, Q>
E(Q1Q2) = py — T12T5 py + T12355 Qo
= 1+ 2135, (Qa — o)
var(Q1]Qz) = var(U)
=3 — 21225 2
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§5.1 Multinomial Distribution

Suppose a sequence of n independent experiments is performed, and each one results in one of r
possible outcomes with probabilities pi,po,...,p, and Z::1 p; = 1. Let X; be the number of the n
experiments that result in outcome ¢ where ¢ = 1,2, ..., 7. Then

|

n!

P(X1:xl,ngxg,...,X,«:xr):7' ' 'p:flp?...pfr
zileg! ..,

—_ n )
T\zq g .. T

Also, notice that X7 + X2 + ... + X, = n. We have X ~ M(n,p).

Example 5.1

Roll a die 20 times. We want to find the probability of P(X; = 3,Xs = 2, X3 = 4, X, =
5, X5 =1, X5 =5)

200 111111
P(X;=3X,=2X3=4X,=5X5=1,X¢=5=- " —— ——

Now, let’s examine the MGF of X ~ M (n,p).

|

!
T n:
Mx(t) — Eet X — Eet1X1+...+tTXT — . et1X1+...+trXT pilil . .p:ET
11 T
X, X T1i...Xp!

in which X; + ... 4+ X, = n. Then, rearranging the expression, we obtain
n!
Mx(t) = — ()X (pret2) X
x(t) XZ szllu_m(m )Xt (pre®)
1 ks

Using the multinomial theorem, we have

Mx(t) = (pre + ... —I—p,.etr)n

Question 5.1. Find Mx, (t1).
By setting every other X; to 0, we have
Mx, (t1) = Mx(t1,0,0,...,0) = (pletl +p2+... —I—p,«)n = (pletl +1 —pl)n
= Xj ~b(n,p1).

Exercise 5.1. Find the mean vector and variance covariance matrix of X. Using Handout #10 to
find var(X;), cov(X;, X;).

§5.2 Chi-Squared Distribution

Definition 5.2 (Chi-Squared) — Let Z ~ N(0,1) and X = Z2. Then we say that X ~ X2.
Notice that the subscript denotes the degree of freedom.

Now, let’s find the pdf of A7.
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e Method of CDF:

We can observe that X follows the same distribution as I' (3,2).

For X2, let Zy, ..., Zy A

Nl

Mya(t) = (1—2t)"

As Z; are independent, we have

My z:(1) = (Mg ()" = (1 -20)7

~" N(0,1). We want to find the pdf of Y Z2. First, the MGF of Z? is

Similar to the case of degree of freedom equals to 1, we deduce that X? is the same as I’ (%, 2).

Let X1, Xo,..., X, R N(u,0). Let’s form a X2 distribution. Since Y Z? ~ X2, it follows that

n 2
> () 2

i=1

For X ~ X% or X ~ T (%,2), we can easily deduce that the mean and variance are

EX =n
var(X) = 2n
Distribution of Quadratic Forms of Normally Distributed RV:

ii.d

a) Let Z1,Z5,...,2Z, ~ N(0,1). Then Z ~ N(0,I).
NzZP~X o Z'Z~X]

b) Z ~ N(0,021).

c) Y ~ N(u,0?I)

d) Y~N(uX). Let V=X"2(Y —p).
EV=%X3E[Y-ul=0
var(V) = var (E*%Y)
D )
So, V.~ N(0,I). From a), we have VIV ~ X2, Thus,

(Y =)' Z7H(Y — p) ~ &7
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Theorem 5.3 A
Let X1, X5,..., X, i N(p,0). We define sample variance as follows

52 — Z(XZ — X)2
n—1
Then, ®=05%  x2 )

2
From the above result, we know that >, (%) ~ X2, We want to show

(n—1)8% Y (X;—X)?

~ X2
0_2 0_2 n—1
We have

g

Z(Xi—uj:X>2: Y (X - X+ X —p)

o2

XX = X)? (X —p? 20X =) 3 (X = X)
2 2 2
o o o
Note that >°(X; — X) =Y. X; —nX = 0. Then,

Z(Xia—ﬂ>2 (n—i)SQ n (X—M)2

Notice that X ~ N (u, ﬁ) and thus Y;“ ~ N(0,1). In addition, X and S? are independent.
r
Consider o
X1 — X
XQ — y 1
= (1 — 11T> X
: n
X, —X
Then,
X -X
Xo— X 11
: I—111"T
X, —X
But X ~ N(u,02I) as X1, s

.., Xn ~ N(p,0). Then,
var(AX) = AXAT

14T
= " o’I(11 1-111T)
I—111" " "

Note that I — %11—r is symmetric and idempotent.

var(AX) = o* (

3=

OT
I-— ;11T>

X, — Y)T and therefore is independent of S2.
Exercise 5.2. Verify cov(X, X; — X) = 0.

X is independent of (X; — X
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We have
cov(X, X1 — X) = cov(X, X;) — cov(X, X)
2 2
n on
Also,
var(X; — X) = var(X;) + var(X) — 2 cov(Xy, X)
L
n n
1
("
n
and

cov (X1 — X, Xy — X) = cov(X1, X2) — cov(X1, X) — cov(X, X3) + cov(X, X)
o? o o? o?
—0-—- ==

n n n n

Proof. (of the above theorem) We have

e e =]

— ﬁ
Q Ql N———
Q2
Using MGF,
Mq(t) = Mq, () - M, (1)
Mq(t)
Mg, (t) =
@ (1) Mo, (1)
_(-2)%
(1-2t)"2
(1—2t)y" "%
Therefore, (";712”2 ~ X2, O

Summary:
X 2
L Z?:l (%) ~ Xﬁ

—\2
X;—X
2. Z?:l (T) ~ Xg—r

This is known as central chi-squared distribution.

§5.3 Non-central Chi-Squared Distribution

Definition 5.4 (Non-central X?) — If Y ~ N(u, 1), then Y2 ~ X2 (NCP = p?) where NCP
means non-centrality parameter.
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2
o)

Let Y ~ N(u,0). Then ¥ ~ N (£,1). Thus, %5 ~ X2 (NCP =
Let’s find the MGF of X7 (NCP = ). Let Q ~ X2 (NCP = 6).

Thus, ¥ Y5 ~ &2 (NCP = 24),

o2

Example 5.5

D CTD. €% e N(uy,1) and Y7,...,Y,, i N(p2,1). The two samples X and Y are indepen-

dent.

a) Find the distribution of W where

n m

W= (Xi-X)>+) (¥i-Y)

i=1 i=1
2 2
We have % ~ X2_| and % ~ X2 _,. Note that

X ~ X2
Y ~ X2
X,Y are independent

Then

Mx 4y (t) = Mx (t) - My (t)
=(1-2t)"5(1-2t)" %

n+m

=(1-2t) "
Thus, X +Y ~ X2, So,

(-1} , (m-1S}
1 1 n+m—2

b) The mean of W is n +m — 2.

c¢) The variance of W is 2(n + m — 2).

§5.4 t-Distribution
Let Z ~ N(0,1) and U ~ Xg. If Z, U are independent, then

Z t
/U i
df
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Application: Let X1,..., X, i1 N(p, o). Then

— o x_ o
X~ (1 5) G X—p

) — > = S/f ~ tn71
s~ X O -1 "

Summary:

X —p
o/vn
X —p
S/vn

~ N(0,1)

~tp_1
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§6.1 t Distribution (Cont’d)

Example 6.1
ii.d . X
X1,...,X10 ~ N(0,0). Find ¢ s.t. P(\/;{Sii < ¢) =0.95.
X-0
P20 < /50| =0.95
952
o2 /9

P(tg < V90c) = 0.95

As t0.95;9 = \/%C =1.833 = ¢=0.19.

Example 6.2
idd . . o(X1—Xa) ‘gl
X1, X, X3, X4, X5 N(0,0). Find ¢ so that Weerserse follows ¢ distribution.
We have
X1 — Xy ~ N(0,0V?2)

% b

o2 o2 o2 3
S X1—X5—0

R LD Chub CHEN
/X32+§§+X52 /3 2 /X2+ X7+ X2

Example 6.3

Let X1,...,X10 ~' N(u,0) and Y1,. .., V1o &' N(u,0) and Wy, ..., Wio "~ N(u, o) where
X, Y, W are independent. Find c s.t.

P X+Y-2W ) _oos
V/95% 4952 4952,

‘We have

EX+Y -2W]|=p+p—2u=0
o o2 o2 402 602
X4+Y -oW)= +2 422 22

var(X + M=%+t " 10

= Y—i—?—QWNN(O,U\/l—GO). Also, QUS; _‘_9(;5725_’_ gsg"

2
-~ Xa7.
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Example 6.4 (Cont’d from above)

X+Y -2W -0
o/ S /270
P > 210 = < TC =0.95
\/93X+952y+9sw /27

1270
P <t27 < ?C> =0.95
1270
— t0.95;27 = 76 =1.703

/Definition 6.5 (Non-Central t Distribution) — Let U ~ N(8,1) and V ~ X2 where U,V are\
independent. Then \/Uz ~ t,(NCP = 0).
- J

§6.2 F Distribution

Definition 6.6 (F Distribution) — Let U ~ X2 and V ~ X2. If U,V are independent, then
U
¥ ~ P

Application: Let Xq,...,X, e N(p1,01) and Y7,...,Y,, i N(usg,02). We have
—1)52 —1)52
(n 2) 1 ~ X»,%_l and (m 2) 2 NX,,%L_l
01 03
R -1 3
1 1
= <2 Y Ln—-1m-1
R m-) 3
2 2

Special Case: Suppose 07 = 3. Then s

2
?% ~I'pn—-1m-1-
Properties:

1. If X ~ F, 1, then % ~ Foon.

1
2. Fa;m,n =

Flfoc;n,m :

3. Relationship to t distribution

t=

Al

Z~N(0,1) and U ~ X?

2

z2
Then, 4 ~ Fy ,; thus, 2 = Fy ,,.

n

Definition 6.7 (Non-Central F Distribution) — Let U ~ X2(NCP =0) and V ~ X2. If U,V
u
are independent, then % ~ F,, ,,,(NCP = 6).

33



Duc Vu (Summer 2021) 6 Lec 6: Aug 19, 2021

§6.3 Properties of Estimators

Unbiased Estimators: Let § be a parameter of a distribution and let 6 be an estimator of 6. We
say that 6 is unbiased if £ = 6.

Example 6.8
X1,..., X, iid random variables. Since EX = y and EX; = p, X has the unbiased properties.

Let S2 = Z(%?)Q be the sample variance. Let’s find ES?.

EZ(Xi—YVj:u:E:Z(Xi—M— 2}
= B[} (X~ ) 4 n(X = - <Y—M>Z<Xi—u>}
o
= 1)

:E:Z(XZ-—W (X —p

Thus, E§? = FREX _ (olo? _ 2

n—

Example 6.9
Consider p = % where X1, Xo,..., X, ii.d Bernoulli R.V. and X = # of successes among n
trials, X ~ b(n,p).

np

X
n n

Example 6.10
X1,...,Xp iid N(p1,01) and Yq,...,Y,, iid N(ua,o09).

E(X -Y) =1 — p2

Efficient Estimators: Let 6 be a parameter of a distribution and let 6 be an (unbiased) estimator of
0. Then,

A 1
var(f) > ————
dln f(x;0)
nkE {739 }
S 1
- 02 1n f(x;0)
—nk 69296
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Note: Have

/$f(x;9)dx =1

of (x;0) .
/Ide—O

/ of (z;0) f(x;0)
. 00 f(z;0)

/xalnjacéx;g)f(xﬂ)dxzo

Oln f(x;0)
or K 90

dr =0

=0

We define the score function as follows

~ Oln f(x;0)
B 00

where ES = 0. Take derivative w.r.t. 6 for (*) and we obtain

S

062 00

/5‘21nf(x;9)f(x_9)dx+/alnf(x;Q) Of(x;0)

Oln f(z;0) 0f(x;0) f(z;0)

O%In f(x;0) .,
/ 262 f(x’e)d”+/ 0 20

dr =20

dr =20

—/Wf(x;e)dxz/(W)Zf(%e)dx

2
Thus, g2 1“655”9) =F (81“56()“”‘9)) = I(#) — information in one of the observation and nI(6) is

the information in the sample. Another way to find I(6) is var(S) = I(0).

var(S) = ES? — (ES)?

2
But ES =0, so var(S) = ES? = E (W) .

1

0 is an efficient estimator if var() = IOR

Example 6.11

EX =1 unbiased
2
var(X) 7

T n
1. First method:

f(z) = (QWUQ)_%e_ﬁ(w_“)Q

202

Let X1,..., X, ii.d follows N(u,o). Is X an efficient estimator of u?

1
In f(z) = —§1n27m2 - L(x—,u)2
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Example 6.12 (Cont’d from above)

Then,
L [0In f(x)
1 - 216
01 2 —
n@i(x) 202( —H= xa2'u
X — E|X - 2 1
I(Q)ZE[ UQM] _ [02 K] _%:g

2. Second method:

3. Third method

Now, the Cramer-Rao lower bound is

(i) > 1 1 o?
var = = —
B2 T 0 nk n
Our estimator is X which has var(X) = %2 (same as the Cramer-Rao lower bound).

Thus, X is an efficient estimator of p.

Example 6.13

Is 82 = M an efficient estimator of ¢2?

ES? = 52
204
2\ __
var(S<) = P

Cramer-Rao lower bound:

In f(z) = —11n27m - i(:E w)?

9202
2
160) = |55 — (@ — )
1 1 1

Thus, var(o?) > #@ . Our estimator S? has variance nL So S? is not an efficient

estimator of o2 (asymptotlcally efficient estimator for large enough n).
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§7.1 Properties of Estimators (Cont’d)
Let X1, Xs,..., X, i.1.d R.V. with pdf f(z;0). Then the joint pdf is
L= f(xy,29,...,24;0) = f(x1;0) - f(22;0) ... f(xn;0)
InL=1Inf(z1;0) +In f(x2;0) + ...+ 1In f(z,;6)
81nL_81nf(x1;9)+ +8lnf(xn;9)
o0 00 00

Information in the sample is

5 (8lnL>2 s (8lnf(x1;9) _— 0lnf(xn;9))2

00 00 00
B dln f(z1;0)\> Al f(x,;0)\° . 0Inf(a1;0) dln f(x036)
_E{< 06 ) o 20 25 06
=I10)+...+1(0)+0=nI(h)
Recall the Cramer-Rao Inequality:
- 1
>
var(0) > T(0)

Let’s prove this inequality.

Proof. Let Xy, Xo,..., X, i.id R.V. with pdf f(z;6). Let 6 = g(z1,22,...,2,) be an unbiased
estimator of . Let assume n = 2. Then 0 = g(x1, z2) and

Ef = //g(xl,xg)f(xl,xg;e) dxidrs =0
— [ st w2 @1:0) 230) o

Now, we take the derivative w.r.t. 6 on both sides

// 1, 22) 8f $1, )f( e)f(xl, d d$2+// Y xl’e)af(xz;e)f(xzﬂ) doy doy = 1

[ 99 flx2;0)
81 ; 81 ;
// g(z1,2) ng;1 f) f(w150) f(22;0) dy d962+// g(xy, x2) nfa(;cg )f(azl;@)f(xg;ﬁ)dxldxz =1
1 ) o1 :
[ starsany | PRI ORIEON f0150)f(ani6) o i =1
Generalize this to arbitrary n and we get
// / 21, alngf“ )f(:zzl;@)...f(xﬁ) day ... day =1
= 1
Let Q =>"" %w. Then, E [éQ} = 1. Now, consider p;,
—1<p<1
ng 1
cov?(6,Q)
var() var(Q) ~

[piq - wiyee)
var(9) (EQ? — (EQ)]
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Note that
E [éQ] —1
EQ=0
EQ?* =nI(0)
Plug these into the inequality to obtain
ar(f) > L O
VARt = n1(0)

Relative Efficiency: Suppose X1, Xs, ..., X, i.i.d R.V. with pdf f(z;6). Then,

EX) =0 = var(X;) = o

2

o2

EX =0 = var(X) = —
n
So unbiased is not an unique property, we choose the one with the smallest variance. In this case,

we choose X.

Example 7.1
X1, Xo,..., X, g Poisson(\) and consider

X+ Xs

6= 52

=X

Then,
Ef; = \; var(fy) =
Efy = X; var(fy) =

The ratio between the variances is

var(fa) _ A/n 2

var(6;) CM2 n

Suppose n = 10. Then the variability associated with 6 is 20% of the variability associated

Consistency:

Definition 7.2 (Consistency/Converge in Probability) — P (’é - 9‘ < s) — 1 asn — oo or
P(‘é—@‘ >6> — 0 as n — oo.

38



Duc Vu (Summer 2021) 7 Lec 7: Aug 24, 2021

(Theorem 7.3 A
Let 0 be an unbiased estimator of 6. Then, 0 is consistent if var(f) — 0 as n — co. )
Example 7.4
Consider X

EX =p
- 02 n—oo
var(X)=— — 0
n
— consistent.
Proof. Let X be a random variable with mean yp and variance o2. For k > 0,
1
P(|X—,u|<ko)>1—ﬁ
and )
P(IX —pl > ko) < 15
by Chebyshev’s Inequality. Suppose X ~ N(u, o). Then,
P(p—20<X <u+20)~95%
Using Chebyshev’s Inequality with k = 2 we get
1
P(\X—u|§20)21—2—2:75%
Back to the proof, we have
. - 1
P (\9 - 9‘ > im/var(e)> <5
Let £ = kV/varf. Then, R
A var ()
P(’@—H‘ >€) = g2

If var(f) "= 0, we conclude that 0 is consistent. O
Example 7.5
X17 coo 7Xn i.'i\."d N(M,O‘)

ES? = o?
204
S = —
var(S<) —
As var(S?) =37 0, then S? is consistent.
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Example 7.6
Xq,...,X, ii.d Bernoulli R.V.

var(z) =

X=X1+...+X, = X ~b(n,p).

§7.2 Bias and Mean Square Error
First, let’s define the bias term as B = E(0) — 6. If B = 0 then 6 is unbiased. Let’s define the mean

square error (MSE)
~ 2 A
MSE = E (9 - 0) — var(d) + B?

as a measure of the quality of an estimator. If 4 is unbiased, then MSE = V&I’(é). Let’s show that
E(0 — 0)? = var() + B2

E(é—9)2:E(é—9iEé)2

=E é—Eé+Ei/—_@
B
- A\ 2 9 5 ~
E(e E9) +B +2BE(6 Ea)

0

E (é - 9)2 = var(f) + B>

Example 7.7
X1,..., X XA UB,0+1).
a) Show that X is a biased estimator of # and compute the bias.
Consider X as an estimator of .

o= =

EX
B

=

b) Find a function of X that is unbiased estimator of 6.

It can be easily deduced that él =X — % is unbiased as Eél = 0.
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Example 7.8 ¢) Find the MSE when X is used as an estimator of 6.

2

_ — 1-6)2 1 1 1
MSE(X) = var(X) + B2 = % L1 _0+1-6)

% = 12m 112 1
d) Find the MSE of 6;.
MSE(6;) = var(6,)
= var (X - 1) = var(X)

2
o _ 1
n  12n
Example 7.9
X ~ b(100,p). Consider
R _£ R _X—|-3 N _X—|—3
Pr=7000 P27 7100 © 27 106

Find the MSE of each p;.
p1 is unbiased so

MSE(p,) = var(p) = var (X)

100
_p(1—p)
100
For ps, we have
B=EFEp;—p
_X+3 3
"0 PT 100

and

MSE(py) = var(ps) + B>

. X+3 N 32
=var | —— —
100 1002

_o-p) (3
100 100

X +3 100p + 3
B=p2_"°%_ P73 _
106 P 106

Similarly for ps3

and

X 1 2
MSE(p3) = var <+3> _ (OOp+3 _p>

106 106
_100p(L—p) (100p+3  \*
1062 106
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§7.3 Method of Maximum Likelihood

This method requires a distribution assumption. Let X7, X5,..., X, be i.i.d R.V. with pdf f(z;8).
The joint pdf is also called the likelihood function is

L= f(z1,22,...,20;0) = f(z1;0) - f(x2;0) ... f(xn;0)

Our goal here is to maximize the likelihood function L w.r.t. € to find . To make the computation
easier, we maximize the log likelihood by solving

OlnL

00 0

Example 7.10
X1, Xo,..., X, %" Poisson()\). Find the MLE of \.

Ae=A

z!

P(z)
Then, L = P(z1;A) - P(z2; \) ... P(zp; A)

)\xle—/\ )\xze—A )\xne—A /\Z xie—nk

1! o I | IT!

L

So, taking log-likelihood we get

InL = inln)\—n)\—lnnmi!

Maximize In L w.r.t. A we obtain

Then, we can check for unbiased and consistent through
EX =

var(X) =

S>> >
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Example 7.11

Let X1,..., X, ~!exp()). Find the MLE of .

L=Xe . xe ™2 N\

L=\t
InL=nln\— )\Zazi
Maximize In L,

OlnL n
A = a2 m=0

Example 7.12
X1,...,Xn %" N(u,0). Find the MLE of 4 and o2.

fwisp,0%) = . 1% exp (—2;(% — u)2>
= (2m0?) "% exp (—2;(:@ - u)2>
L= (o) F oxp (~ 505 3l — )

1
InL = —g In 2702 — 352 Z(gcZ — p)?

So we maximize In L w.r.t. p as follows

OlnL 2
o = EZ(%—M)ZO

infnu:()

/t[/ pr— pr— f
n
We maximize In L w.r.t. o2 as follows
OlnL n 1 9
P07 = 27t ga 2E WP =0
g2 do(xs — p)?
n
2
or 02 = 22 =7)
n

which is biased. So we adjust the last expression to be unbiased by setting

o _ D=7

n—1
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Note that

n
1
=—-F i —T)2 &
- S (@i—3)+p
_ (n—1)0?
N n
Adjust o2 as follows. We need to find c s.t.
Eco? = o2
cEc? = o2
o2 n
CcC = —= =
Eg2 n—1

Therefore, unbiased estimator of o2 is

52 = cUA2 — n Z(CL‘Z - 5)2 _ Z(xz _ l‘)Q

n—1 n n—1
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§8 ‘:Lecsz_Aug 26, 2021

§8.1 Method of Maximum Likelihood (Cont’d)
Recall that we previously compute I(6) through

(Ol f(x0)\°  9%Inf(x;6)
10 = (G0 =BT

Using the log-likelihood function we find the information in the sample through

8%InL
—E%55=.

Example 8.1

iid
X17X27~-~7Xn

~" N(p,0). From lecture 7, we found that

1
1(0) = - = nl(0) = % — information in the sample
o o

Let’s find the information in the sample using the log likelihood function.

1
InL = —gln27r02 - EZ@

OlnL 1
T~ 2

0?InL _.n

002 g2
n n
#(-2)-3

Asymptotic Properties of MLE
Let 6 be the MLE of 6. Then as n — 0,

A apprx 1
o o0

Let Xq,..., X, il N(p1,0) and Yq,..., Y, i N(p2,0). The two samples are independent. We

want to find the MLEs of uq, o, 0

L= (2#02)7%6_2%2 Dlaimm)® (27ro*2)7 5 e 307 Limn2)”
n 1
InL = -3 In 2702 — 352 Z - — 1n27m ~ 503 Z(y

81L
) - Jzz

= U1 =7. Slmllarly,

OlnL
= U
= (i = 7. Now, for o2,
OlnL n 1 5 m 1
D07 = 27t agr 2 g e D -

s o2 = ZEEPNimH)? _ (i DSXHmoDSY 7 oes check whether o2 is unbiased.

n+m n+m

Eo? (n—1)ES% +(m—1)ES}  (n+m—2)o?
N n—+m N n+m
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which is biased. So the adjusted unbiased expression is

2

= o
Pomd4+m—2 n+m-—2

2 n+m - (n—1)S% + (m—1)S}

Also, observe that

(n+m—2)S;  (n—1)S% N (m—1)S2
2 2 2

o o o
(n+m—2)s; 2 ¥ _ 1, 1
Thus, ——=—2 ~ X7, o and also X =Y ~ N (uy — pg,04/2 + - ). Then,
XY — (11— p2)
~ tn+m—2
Sp/ 7+
which is from the definition of t distribution.
§8.2 Order Statistics
Example 8.2
Let X1,..., X, ~U(0,0). Find the MLE of .
We have
1
f(z) = 9
1
L=—
9”
Then,
InL=-nlnd
OlnL  n
a0 0
We say that 6§ = max(X1q,...,X,) or 6 = Xy — n*™ order statistic. Similarly, Xaq) =
min(X7, ..., X,) — first order statistic.

Let X1,...,X, iid R.V. with pdf f(z) and cdf F(x). Denote the ordered random variables with
X1y < X(g) < ... < X(n). We want to find

e Pdf of X(n)
e Pdf of X(z)
e Pdf of X(j)

Joint pdf of X(z) and X(])

Let’s first find the pdf of X(,). Begin with cdf of X,

Fxy (@) = P (Xn) < )
=P(X; <z, Xo<uz,...,X, <ux)
=P(X;<z) - P(X2<uz)...P(X, <)

So, Fx,,,(x) = [F(z)]". Thus, gx,,,(z) =n [F(gzj)]”_1 f(z) (maximum).

46



Duc Vu (Summer 2021) 8 Lec 8: Aug 26, 2021

Example 8.3 (The maximum)

For U(0,6), the MLE of 6 is § = X(,,). Find the pdf of X(,).
We have

S IRSISSY T

Thus, gx,,, () =n (%)ni1 %.

Is = X(n) an unbiased estimator of 7

B = EX () = /Oexn (z)”_l L

0
0
U RO i
0" Jo 0 n+1lo
_on
n+1

It’s therefore biased, but we can adjust it so that it’s unbiased

n
= X
n+1-™

61

So, E6, = 0.

Now, let’s find the pdf of X(;) = min(X1,..., X,).

P(X(l) >ac) =PX;>z,Xo>z,...,X, >x)
=P(X1>x) P(Xe2>1x)...P(X, >1)
1-P Xy <z)=[1-PX;<2)]-[1-PXy<z)]...[l - P(X, < )]
1— Fx, (@) = [1- F@)"

Therefore, gx,, (z) =n[l - F(2)]" " f(z) (minimum).

Example 8.4 a) f(z) = 155 ™%, A = 15 — exponential distribution and the cdf is
F(z) =1— e~ 0”,

100

47



Duc Vu (Summer 2021) 8 Lec 8: Aug 26, 2021

Example 8.5 b) In the case that the system does not fail until both component fails

O~

A ()L
\/
2

Thus, in this case we want to look at the maximum.

In general, X4,...,X, il exp(\)

Then,

= X(1) ~ exp(nA).

§8.3 MLE with Multi-Parameters

For efficiency, we need the information matrix denoted I(). Suppose

01

)

0= .

9p

Then
8%InL  8%InL 8%InL
89% 061002 e 89169,,
82InL 9%InL 8%InL
060200+ 89% T 39289,,
I1(0) = —E
8°InL 9% InL 8%InL
90,00, 90,00, " 902

in which I(#) is p x p and symmetric matrix. Then we just need to find I~1(6).
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Example 8.6
X1,..., X "M Ny, 0). Find 1(6).
_ 2 1 2
InL = —§ln27r0 ~ 5.2 Z(:EZ — )
OlnL 1 1
W = ?Z(Ii —p) = ;(in —np)
*InL n
o2 o2
olnL 1
6#80’2 = _g (xl_iu’)
OlnL n 1 9
902 202 ' 254 (@i — 1)
OlnL n 1 9
8%® ~ 551~ g8 27T
Thus,
n 1
I(0) = —E T o2 _U4Z($i_u)
e (R A2 e
_ (= 0
—\0 S — U—lena2
_ (=2 O
0 o1
U2 0
co- (5 )

If § is the MLE of 6, then approximately
f~N@O,17(0)

as n — oQ.

§8.4 Method of Moments

The moments of the population are estimated by the sample moments.
EX =p~X =1 doX
=u= = " i

1
EX?~ 52){3

1
EX* ~ 52){{“
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Duc Vu (Summer 2021)

Example 8.7
Find the method of moments estimator of 6.
1. Xp,...,X, 75 Poisson(\).
AN=T
2. X1,...,Xn X U(0,6)
0 R
—=T—>0=2T
2

Here
Eé:EQY:QEY:QM:2§ =6
It’s unbiased. Compare 6 with the MLE of 6, 6, = 71X (n)- We finally choose the one

with smaller variance between 6 and 91.

3. X1, Xn A N(p, o).
p=z
2= EX?- (EX)?
5 X2 2 1 2
2_2 7 X :7|: XQ_ X]

. S Xi-n
(X, — X)?
o n

which is the same as the MLE.

4. X1,..., Xn AUN(0,0).
0’ =EX? - (EX)?
N X2
_EX? — = =0
n
5. X1,..., X, ~'R.V. with pdf
f@)=0+1)2% 0<z<1
First, find we find EX
1 1
EX:/ :Ef(x)da::(GJrl)/ 2+ dx
0 0
2021 941
— (041 ‘ _or-
(6 + )0+20 042
¥ — 0+1 j_ 2X-—1
— X = m — 9 =1 x
§8.5 Simple Linear Models
Consider Yp,...,Y, oy N(u, o). Write this statement as a model
Yi =t &

.,En are independent.

with g; ~ N(0,0) and 1, .
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Suppose now that y; = by + byx; + €; in which e1,...,¢, i N(0,0) and 1, ..., x, non-random.
Note that y is referred as the response variable and z is the predictor variable. Let’s estimate by, by, 02
using method of maximum likelihood. Because ¢; ~ N(0, o), it follows that Y; ~ N(bg + b1z;,0).
Then,

Fly) = Ujﬁe*ﬁwfbwbm)?
So,
=TT/
= l(;mQ)—%e*ﬁ S (yi—bo—biz;)?
InL = 7% In2rc? — % Z(% ~ by — byzi)?
381% = %Z(yi*bofblxi) -0
a(;%f = % Z(yz — by — bix;)x; =0
Then,

Zyi —nb() _blzxi =0
S~ o Yot =0
Massage these equations to get

nbo+b1 Y xi= yi
bo Y wi+bi Y ai= zigi

This is known as the normal equations. Then, we can solve it as follows
no Ywi) (bo\ _ ([ D
Yxp yxi) \bh > TiYi
~ -1
bo\ _( n Y > Vi
by Y Yy > Tiyi
Notice that the determinant of the inverse matrix is ny_(z; — Z)? > 0 which confirms the existence

of a solution to the system of equations. Finally, MLEs of bo and by are

bo =7 — T
bA _ Z(l‘z _E)yz
> (@ —T)?

o1
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§9.1 Simple Regression

Consider Y; = by + b1 X; + ¢; in which we assume E [¢;] = 0 and var(g;) = 02 and €1, ...,¢&, are
independent. This is known as Gauss-Markov Conditions. Also, assume €1,...,¢e, RN (0,0). So,
Y; ~ N(bg + b1 X;,0). Then, the pdf is

1

oV 2T

e*%%(yi*b()*blﬂﬂi)z

flyi) =

Since Y; are independent, we can find the likelihood function as follows
L= (27T0'2)_% e~ 507 L(i—bo=biz:)”
1
InL = —g In2mo? — 252 Z(yz — by — byx;)?
Recall from last lecture,
bAo =y — bAlf
> (x; =)

Properties:

Note that > (z; — ) = 0 and > (z; — T)x; = > (z; — Z)?. Now, for bo,

E {60] —E [y - b}ﬂ

= Ey—TEb,
Note that

- > Yi _ > (bo + brx; + &)
y n n

_onbo+bi Y xi D E

- n

= by + b7 + =5

n

Thus, bAO, bAl are unbiased estimator of by, b.
Let’s denote the residual as e; = Y; — Y;. Also,

Y, =Y + b (X; — X)
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Therefore, the residual can be expressed as

elei—?—bAl(Xi—Y)

Estimation of o2

OlnL n 1
B0z = 292 T @Z(yi — by — byz;)?
o2 — S (yi — bo — bix;)?
n
_ E(y zjz)
n
_xe
oon

Let’s check whether o2 is unbiased.

Ec?=FE [Znﬂ

Note that

FEe; =E(y; —yi) = FE [yz — (b + bAlxi)}
= Ey; — E(bo + biz;)
=bo+bix; — (bo + biz;) =0

var(e;) = var (yl — 7 — by — E))

= var(y;) + var(g) + (z; — T) var(bl) —2cov(y;,g) — 2(x;

— ) cov(ys, br)
+2(2; — T) cov(y, by)

First, let’s find the variance of by.

var(by) = var (M)

B o
- Y (@i —T)?
= b~ N (bl, Z( — ) Now, let’s find cov(y“bl)
=
cov yz7b1 Yi,
Sz —7)

cov <y“z(xi—x)2 +...+ S (2 — 7)2 +...+ Z(ﬂfi—x)2>
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Note that cov(y;,y;) = 0 for all 4, j. Similarly, for cov(y, bAl),

cov(7, by) = cov (yl + n + yn a; __2 yl)
Y Yn. (xz — Ty (@n —T)yn
- <n e Y@ T Zm—xv)
o —7T) o%(z, — )
BN TS ol e
o2 (s — )

ny (x; —T)? =0

Now that we have everything, let’s get back to var(e;).

— 7~ bi(z;

_7)

var(e;) = var (yi

= var(y;) + var(g) + (z; — T) var(bAl) —2cov(y;, g) — 2(xz; — T) cov(y;, bAl)

+ 2(x; — T) cov(, 61)
f B o%(z; — T) o?

Sw-7? Cn

n

202(-Ti — E)Q

> (x; =)

n
2 1 (z—m)?
> (1-% - 55)
n
_ on—2
o n
We can adjust it to be unbiased as
N 2
3_ nT—L202 or sz 112:—612
Problem 9.1. Show that ("_0722)55 ~ X2,
Since Y; ~ N(by + b1 X;,0), it follows that
Z Y, —bo — 01 X; QNXQ
o n
Consider
Z yi —bo — bz \ _ S (yi — bo — baw; + (bo — bo) + (b1 — by)x;)?
o o2
Ee n(bo — bo)? (51—51)22$?+2(50—bo)26i
02 o2 o2 02
2(b1 —bl)Zeixl (bo —bo)(bl —b1)2$1
+ 02 02
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Note that
E €;, = 0
z €, r; = 0
Then,

Sy —bo —biay)?  (n—2)S?  n(bo —bo)? (b —b1)2 S x?  2(by — bo) (b1 — bi) >4
o2 - o2 * o2 * o2 * o2
(**)

Let D = bAo + bAlY =Y and consider

(b =b0)* | [D—(bo + DT _ (b —b)? S (as— + (bo — bo + (b1 — b1)7)?

var(by) var(D) R o2/n (*)

Notice that IHS of (*) ~ X3 and we can manipulate its RHS to be equal to the last three terms of
the RHS of (**). Thus, we can conclude that (n;# ~ X2,

§9.2 Order Statistics (Cont’d)

Let Xi,...,2, i.i.d R.V. with pdf f(z) and cdf F(z) and 21y < X(2) < ... < X(;) be ordered ran
variables. Recall that

9X( (2) = nF""H(z) f(2)
x4, (%) =n (1= F(2)"™" f(x)
Now, let’s find the pdf of X(;). Begin with cdf of X;

Fxg(x) =P (X <2) =P(Y 2j)
— - n xk _ T n—k
—;(k)ﬂ) (1 Fl)

where Y ~ b (n, F(x)). Note that

n

P(xSX(j)Sx"‘dm)%ngdx:(j—l 1 n—j

) P oo (1 Fa)™

Thus, the pdf of X ;) is

930, (@) = G P (= F@) @)

Using the same approach we can find the joint pdf of X(;) and X;

Plg<Q<q+dq, w<W <w+dw)~ f(g,w)dgdw
P (u <Xy Su+du, v< Xy < v+dv) ~ gX(i>X(j)(u, v)dudv

Lastly, we define the range and midrange as follows

R=X@m —Xq

X+ Xin
Q:%

Exercise 9.1. Find the joint pdf of R and Q.
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§9.3 Sufficiency
Let X1, Xa,..., Xn % exp()). Then, 2A3" X; ~ X2, Then,
P <X§2n S 2)‘ZX1 S Xlz_%;gn) =1—-«

This is known as the confidence interval. Also, we can manipulate the above expression to obtain

The MLE of A is A = <#-- = £

Sufficiency Principle

Let Xi,...,X, be a random sample and T(X) = T'(x) is a sufficient statistic. Let Y3,...,Y, be
another sample and T(Y) = T'(y) be the sufficient statistic. If T'(x) = T'(y) then the inference we

make on the parameter 6 will be the same.

56



Duc Vu (Summer 2021) 10 Lec 10: Sep 2, 2021

§1()‘ Lec 10: Sep 2, 2021

§10.1 Sufficiency (Cont’d)

Definition 10.1 (Sufficient Statistic) — Let X,..., X, be a random sample and T(X)\
be a function of Xi,...,X,,. We say that T(X) is a sufficient statistic if the conditional
distribution of X = x (X1 = 21,..., X, = x,,) given T(X) = T'(x) is free of § and we check
% = H(x1,...,z,) where L is the likelihood function and ¢ is the pdf/pmf of T'(x).

Example 10.2

Let Xy,..., X, e Bernoulli(p). Is Y = > X; a sufficient statistic of p?
We know Y ~ b(n,p). Then,

Lixip) Il p™ (1 —p)'™
q(T(x);p) ()pv(1 —p)n—v
_pET(—pn
(;)pr(1 —p)nv
1

()

which is free of p. Therefore, Y X, is a sufficient statistic of p.

Example 10.3

Let X4,..., X, o I'(«, 8). Suppose that « is known. Is Y X; is a sufficient statistic?
First, the pdf of X is

and Y =3 X; ~ I'(na, ). So,

(Hwi)a—le—zmi/ﬁ
L(X7 ﬁ) _ I'n(a)Bme

Q(T X)7B) ynaflei%
T'(na)b™e
_ D(na)([Te:)*"
ynafll“n (Ot)

Yes, > X, is a sufficient statistic of j.
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Example 10.4

Let X1,...,Xn " N(u,0). Suppose o2 is known. Is X a sufficient statistic for u?

First, X ~ N(u ,ﬁ) Therefore

d

L(x; p,02) (QWUQ)*%Q*Q% S(zi—p)?
(T, 1) (2rZ) 2e 220 A7
(2mo?)"%e — 507 L(#:i=7)% = 525 (T—p)?
(2r )% e 57 E1?
(2m0?)~ % e~ 7 TP’
e

Thus we have a function free of u. Note that

Y (@i-pxz)’ =) (2i—-F+7 - p)?
= 3 (@~ 7 + (- 0

Theorem 10.5 (Factorization)

Let X1,...,X, be a random sample and L(X;8) be the likelihood function. We say that T'(X)
is a sufficient statistic if

L(X;0) = g(T(x);0) - h(z)

where h(z) = 1 if necessary.

Example 10.6

Let Xq,..., X, = exp (%) Find a sufficient statistic using the factorization theorem.

flzi) = @6_%xi
L(x;6) = e h o

Let h(z) = 1. Thus, > x; is a sufficient statistic.

Example 10.7

Let X1,..., X, A

~" N(u,o0). Suppose o2 is known.

L

(27T0'2)7%672% L(@i—p)?

= (271'0'2) Te~ 707 2 (2i-7)* e~ 307 (T n)?

We can see that X is sufficient statistic as there is no p in the first two terms.
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Example 10.8

Let X1,..., X, A N(u,0). Find sufficient statistic for g and o2.

= no_
E (z: — T)? —ﬁ(x —p)?
———

(n—1)52

n 1
L= (2nc%)"2 -
(2m0°) ™ 2 exp 552

Let h(z) = 1. Thus, (X, S?) are sufficient statistic for (u, o?).

Properties of Sufficient Statistic:

1. Let T(x) be a sufficient statistic and U* = V [T'(x)]. Then, T'(x) = V~1(U*). Show that U*
is a sufficient statistic.

Proof. Using the factorization theorem, we get
L(x;0) = g (T'(x); 0) - h(x)
=g (V7HU"):0) - h(x)
=g"(U";0) - h(x) R

Example 10.9
Let X1, ..., X, "~ N(0,0).
L= (27T0'2)_%67ﬁ Tt

Using the factorization theorem, it follows that Y X? is a sufficient statistic. Now, let
2
U* = ZTX Then,

L= (27r02)_%e_ﬁ”u*

Thus, U* is also a sufficient statistic.

2. Let Xy, ..., X, be arandom sample and L(X; ) be the likelihood function. From the definition
of sufficiency,
L(X;0)
————— = H(xy,...,2,
(X)) )
Then,
L(X;0) = q(T(X);0) - H(z1,...,7n)

The MLEs are function of sufficient statistics.

3. Exponential Families and Sufficient Statistics: Recall that if f(z;6) belong in an exponential
family then
f(360) = h(z)e(B)e= (D4

Suppose X1,...,X, is a random sample from this distribution. Then,
k n
L= Hh(xl)c”(Q) exp Z w;(0) Zti(%‘)
i=1 j=1
From the factorization theorem, we can deduce that (31, t1(z;),..., > ey tx(z;)) are suffi-

cient statistic for (wy(6),...,wg(6)).
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Example 10.10

Xq,..., X, = N(p, o).

f(@) = 2mo?)~demmr )’
= (2W02)_%6_ﬁx2+%_£

Then,

2
L(X§/1470'2) = (27’(’0’2)_%6_%6_ﬁ21$+ﬁ 2w

Next, let’s discuss a theorem that provides the minimum variance unbiased estimators (MVUE).

Theorem 10.11 (Rao-Blackwell)

Let Xi,...,X, be a random sample from a distribution with parameter 6. Let 6 be an
unbiased estimator of 8 and U be a sufficient statistic for 8. Now define a new estimator

6« = E [9\U] = h(w). Then 6* is the MVUE of 6.

Proof. Let X,Y be random variables with joint pdf f(z,y). Then
EX = E[E[X|Y]]
var(X) = var (E[X|Y]) + E [var (X|Y)]

So,

E¢-=F [E[éw]] —El=0

So the variance is

var(f) = var (E [é|U]) + E |var (é|U>
——

= var(6*) + C(> 0)

— var(6*) < var().

Example 10.12
Let X1,..., X, ‘%' exp (3). Find the MVUE of 6.
First, we need to find a sufficient statistic. Let’s use factorization theorem.

1
L = Q_ne_%zxi

So, Y x; is a sufficient statistic for § with E> x; = nf. Then, 6+ = ZnXi
estimator of 6 and therefore it is MVUE of 6.

is an unbiased
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Example 10.13

Let X1,..., X, ‘%' exp (3). Find the MVUE of 0.
Let’s start with Y2.

EX’ = var(X) + (EX)?

20724_#2:972_;’_02:,”‘7—’—192
n n
o n 2
Thus, the MVUE of §? is 6* = n+1X .
Minimal Sufficient Statistics:
[Theorem 10.14 (Lehmann-Scheffe) )
Let X4,...,X,, be a random sample from a distribution with parameter # and let Y7,...,Y,,

be another random sample from the same distribution. Then we can find a minimal sufficient

statistics iff
Lz, .., 7n6)

is free of 6
L(yi,---,yn; 0)

iff T(x) =T(y).

Example 10.15
Xy, X, e Bernoulli(p) and Y3,...,Y, e Bernoulli(p). Then,

L(z1,...,2n;p) _ p®i(1 — p)n X _ ( D )ZmiZyi
L(yi,...,yn;p) pX¥i(l—p)r—2vi T

The above expression is free of p iff >~ a; = Y y;, and then ) z; is a minimal sufficient statistic.

§10.2 Confidence Intervals
Recall that

P(LLO<U)= 1—«
confidence level
Let Xy,..., X, tid N(u,o). Suppose o2 is known. Let’s find a confident interval for .
o
XNN(N, >
\/7
X —
— ~ N, 1)
=
P(*Z%SZSZ%):].*CV
X —
Pl-ze<="E<z.)=1-0a
TN
P(X-7a Ll <p<X+z.L)=1-0a
2\/5 2\/ﬁ
SoueYj:Z%ﬁ.
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§11.1 Confidence Intervals (Cont’d)

i.id

Let Xi,..., X, ~ N(u,0). We want to find a 1 — « confidence interval for u (o is known).
We know X ~ N (,u, ﬁ) So the pivot is o/;f ~ N(0,1) and thus u € X + Zg 7. Recall that
Sample size:
— o
X+t Za
2 \/ﬁ
——
E
Zao\2
and son = | —%

Let’s consider now the case o is not known. Recall that
X- ~t
S/f n—1

b'd s
Sop€ X ttgpm- T

Example 11.1

Two dice are rolled and the sum X of the two numbers is recorded. The distribution has mean

= 7 and standard deviation o = 2.42 in which p = 3" zp(z) and o = /3 22p(z) — p2. By
Central Limit Theorem, X ~ N(7, f/g)
+1.96 = =
2.42/+/50

= lower mean = 6.33 and upper mean = 7.67, and we are 95% confident that the mean lies
in this interval or the empirical mean falls into this interval 95% of the time.

With regard to confidence interval for Varlance 02 of normal distribution, let Xi,...,X,, be a
random sample from N(y, o). Then, & 012) ~ X2_,. Thus,

(n—1)52

P (X‘g‘;nl < < X12‘2‘,n1> =l-a

Through some manipulation we get

P(@—wszagw—l)s?):l_a

S0 55
Xi—gin—1 X

Remark 11.2. When the sample size n is large, the X?_; distribution can be approximated by
N (n —1,v/2(n— 1)) So the confidence interval can be computed as follows
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Confidence interval for the difference between two population means p; — po:
Let X4,..., X, il N(py1,0) and Yq,...,Y,, il N(p2,0) where o2
1 — « confidence interval for py — ps.

We know

is unknown. We want to find a

_ 1 1
X—YwN(,ul—,ug,a +>
nom

Aside: Suppose ¢ is known. Then,

- = 1 1
ﬂl*ﬂQEX*YiZ%O’ -+ —
nom
Recall from previous lecture that
2
(n+m—2)S; oy
0_2 n+m—2

2 2
nil)i’iﬂzfl)s". Using the two distribution we get

where Sg = !

1 1 ~ tntm—2
2
S5 G+ )
Finally, we have
- 1 1
=g € X Y £ t‘ém+m—2spm
Simple Regression:
Have Vi = by + b1 X; + &; where e1,...,6, '~ N(0,0). Construct a 1 — o confidence interval for by.
&~N@h<f> o
2 (wi=m)? = — =~ tn—2
(n=2)82 _ y2 Se//2(xi = 7T)
o2 M2
Thus,
Se

b, € bAl + t%;n,Q .

> (x; =)
§11.2 Prediction Intervals

Let Y3,...,Y, il N(p, o). We want to predict Y. It turns out that Yo =Y. In order to show that,

let Yo = > a;Y;. Then, we want it to be unbiased, i.e., EYy = p or EY aYi=p = Y a;=1.
Lastly, we need to minimize E(Yy — Yy) — mean square error prediction. Since Yj is unbiased,

A\ 2 A
l%%—%):m%%—%)
Use Lagrange multiplier the optimization problem becomes

min Q = var(yo — gio) — 2A(D>_ a; — 1)

=02+022af—2>\(2a1—1)
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Then,
09 _ 20%a; —2A =0
(90,7;
A
— a; = ;
Let’s find A.

nA o?
g n
1

= ai:%andthuS%:Zaiﬁz?.

§11.3 Hypothesis Testing
(

\

Definition 11.3 (Hypothesis Test) — A hypothesis test is a claim about a parameter of a
population. The two hypotheses are called “null” and “alternative” hypotheses which are
denoted with Hy and H, respectively. Note that

Hy: 0 €0

Ha: 6 € 6
- J

Example 11.4 1. Consider the simple regression model: y; = by + b1z + ;. We want to
test Hp : by = 0, i.e., there is no association between the respond and predictor variable.
As a result, H, : by # 0, i.e., there is a linear association between y and z.

2. Test for proportion of defective items at a certain production line:

Ho: p=po
Ha: P > po

Assume Xq,..., X, tid N(u,0)and Hy: pu =10, H, : p > 10. We know X ~ N(10, ﬁ) Suppose
a=5%.
P (T(x) € RR|Hy) = 5% — Type I Error

where RR refers to rejection region. Notice that
e Type I error a = P (falsely rejecting Hp)
e Type IT error 8 = P (falsely accepting Hy) where 1 — 3 = power of the test.

(Theorem 11.5 (Neyman-Pearson) A

Suppose X is a random variable and we need to decide whether the probability distribution is
either fo(z) or fi(z). Let k be some positive number, and define the following two sets

A= {x LaE k}
R= {x }cfgg < k}

If data « is in set A, then we accept Hy. Similarly, if data z is in set R then we accept H,.

J

64



Duc Vu (Summer 2021) 11 Lec 11: Sep 7, 2021

Example 11.6

Let X be a single observation from the probability density function f(z) = 02%~! where
0 < z < 1. Find the most powerful test using significance level o« = 0.05 for testing Hy : 6 =1
and H, : 0 = 2.
We reject Hy if

Jo(z)
fi(z) :
1
o <k
1 /

which is the best critical region.
Question 11.1. How do we find &'?
Using a = 0.05

P(X > K'|Hy) = 0.05
1

dr = 0.05
K’

1-kK =005 = kK =095

Notice that the power of the test is 1 — 5 = P (X > 0.95|H,).

Example 11.7

Xi,..., X, A1 N(u, o) where 02 is known. We test Ho : p = jg and Hy : p > po.

We reject Hy if
L(6o)

L(@a) <k
(2r0)~ % exp (= gk Y1 — po)?)
TR R e ),

fo+nua72ua2xifoffnungmLOin <20%Ink

2(uo — fa) sz <20%Ink —np? + nud
——

<0
in/n . 202 Ink — np2 + nyd
2(/'60 - Ma)n
X >k
which is the best critical region of size a. So
P(X > ¥|H) =a
k' — po — 7.
o/\/n
o

W= Zoy——
o + e

65



Duc Vu (Summer 2021) 11 Lec 11: Sep 7, 2021

Example 11.8 a) Hy: A=3, H,: A=5,and Xy,..., X, =i exp (%)

b) If n = 12 and using 2 3 X; ~ X3, find the best critical region when the significance
level a = 0.05.

X g5.00 = 36.42
2
gk’ =36.42 = k' ~54
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§12 ‘ Lec 12: Sep 9, 2021

§12.1 Hypothesis Testing (Cont’d)

Recall the Neyman-Pearson Lemma: Xi,...,X,, random sample. We reject Hy if

L(6o)

Lo, "

Example 12.1

Ho: pp=puo, Hq : o > o and we have normal distribution (i.i.d) with n random variables
and o is known. The best critical rejection region of size « is X > k'

P (Y > kE/IHo) =«

Under Hy, X ~ N (uo, ﬁ) Thus,

k' = Zai
o + i
Power of the test:
1 — 8 = P (rejecting Howhen Hy is false) = P (X > k'|Hy is false then p = )

So

1—,6’:P(X>,uo—|—Za;ﬁ>

/’LO_'—ZQL_MG
:P<Z> i )
a//n

Observe how the following parameters affect the power

B

Parameters ‘ 1

1
nt 1
/]\
/l\
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One-sided Test:

Hoy: p=po
H,: p<pg o 1 —|«
c Ho X
B
| o c X
The power then is
1-8=P(X <cH,)
— o
=P X <po—Zo—
( o ﬁ)
Mo — o= — b
e (Z < Vo )
a/v/n
Two-sided Test: Hy: p = o, Hy : p # o
L
X
C1 Ho Co
m
a Co Ha X

The power then is
1-8=P(X <c1)+ P(X > )
X < 7
) p (w2 )
%ﬁ_ﬂa MO"‘fo Ha
( e >+p<z> )

a/v/n
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Sample Size Determination:
Given o, f and Ho : p = po, Hy : > po. Find n in order to detect a shift from pg to p, (assume
o is known).

— C—Io _ — _o_
Za—g/\/g N c NO—Za\/E
C— Mo = _Zﬁﬁ

Thus,
(Za + Zﬁ)QC)'2

(Ma - /140)2

Note that we always use positive values for Z,, Zg.

Example 12.2

For a certain candidate’s political poll n = 15 voters are sampled. Assume that this sample is
taken from an infinite population voters. We wish to test Hy : p = 0.5 against the alternative
H, : p < 0.5. The test statistic is X, which is the number of voter among the 15 sampled
favoring this candidate.

a) Calculate the probability of type I error a for RR = {z < 2}

a=P(X <2jp=0.5)
2
15
=> ( )0.510.5151
=0 x
b) How about type II error where p = 0.3

15 15
B=P(X>2)=)_ < >0.3$0.715w

=3 x
§12.2 Likelihood Ratio Test
We reject Hy if )
A= L@ <k
L)

where L(@) is the maximized likelihood function under Hy and L() is the maximized likelihood
function under no restrictions.
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Example 12.3

Tl oo 2y 28 N(u, o) where o2 is unknown. H

YAJ]V(:U‘O,L) Yip‘o y_
v = = ;/H = S #O t,—1 — test statistic
DS /1) S/VR

D= po, Ha o pp # po.

(n—1)S? 2
o2 ~ anl

We reject Ho if ¢ > tgp—1 0rt < —ta,_1.
Another approach is to use likelihood ratio test. Under Hy,

L= (2r0%) % exp <_2i2 S (i - u)2)

__® 2 1 Z 2
].D.L—_§].H27TO' _ﬁ (mz_MO)
MLE of o2 is

-2 _ (% = po)?
0" = ="
n

Under no restrictions the MLEs of x and o2 are X and 612 = (zi=) Then,

(2n60%) % exp (— 5 X(ai — po)?)
A=

(2761%) ™% exp (—ﬁ >o(xs — §)2>
Note: 3 (z; — po)? = ndo? and 3 (z; — T)? = ndy >

0¢12 2 e~
Ofo2 (&

|3

<k

|3

o N

Oél 2

<kn

do
> (z:i—%)°

n

2
> o(xi—po)? = k=

S - _ s
(@i — po)?

2l =@ < g2
Yo (xs = T)2 + n(T — po)?
1

1+ n(T—p0)?

> (zi—7)?

2

< kn
So,

or Fl,n—l = t%il > k'
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Asymptotic Result:

2
—2InA ~ Xvo—v

where 7y is number of free parameters under Hy and « is number of free parameters under no
restrictions.

§12.3 Power Analysis

For unknown o, if Hy is true then o
X — o
o/vn

~ N(0,1)

Then, o
X — o
~tp_1
NG

If Hy is not true

X - =
MONN(M Mo,l)

o/vn o/vn
Then
X—po (NCP:ua—uo)
S/ o//n

Now, the power is
1-p=P (tn_l(NCP = 5) > t%m—l) + P (tn_l(NCP = 5) < _t%;n—l)
To compute d we need pu, and o.

Hypothesis Testing in Regression:
Have

Y'i:bo"i‘lei"f'Ei
H()I b1:0
Hy: by #£0

Recall that

by ~ N O,*
< Z(wi—wV)

and ( 152

n —2)5Z 9

2 Xy o
Then, R

by
~tp_2
Se/\/ 2 (i —T)?

§12.4 Two Sample t Test
X.,..., X, i N(u1,0) and Yq,...,Y, tid N(uz,0) where o2 is common but unknown. We want

to test

Ho: py=p2 (or pg — pp = 0)
Ho: pa # po (or p1 — po #0)

71



Duc Vu (Summer 2021) 12 Lec 12: Sep 9, 2021

Under Hy, we have

>
|
~

X-V N (00 +1)

(n+m—2)S§
P

= =~ tpym-2

<R
g
+

3=

~ X’r%#»mfZ
Using likelihood ratio test: Under Hy,

L= (2102) % e 507 @17 (9752)= % o5,z Dlwi—n)?

. nTr + my

H= n+m

o _ Y= )+ Ty — )?
0 n—+n

Under no restriction, there are three free parameters

p1 =T
H2 =7y
2 S —2)% + Y. (yi — 7)?
1 n+m
Then,
(6
@
L(§2)
L2
0}2 <k
0o
Y@ -+ (-
(@i — )2 + > (yi — i)
Note that
e _ nr+my
Z(z, — ) *Z("Fciixi n+m )
—Z(xz—x) +n<x— n$+my>
n+m

Apply the same trick to the y term and we can simplify the inequality.
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