Stats 100C — Linear Models
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Duc Vu
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This is stats 100C — Linear Models taught by Professor Christou. There is not an official
textbook used for the course. Instead, handouts and reference materials are distributed and
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§1 ‘ Lec 1: Sep 27, 2021

§1.1 Simple Linear Regression Models

Consider
Yi=p+eg;

with ¢; i N(0,0); specifically, Y3,...,Y, iid N(u,0). We want to estimate y and o2 using least

squares or method of maximum likelihood (MML).
Method of Least Squares (OLS — Ordinary Least Squares):

minQ = (¥i - p)*

=1
G =2 =0

0
> Yi-nji

:}M:

)~<

Method of Maximum Likelihood (MML):

1
flyi) = Y

_ (27702)*% o~ 3az Wi=m)?®
L=f().. flyn) = (2n0?) " ¢"30n S’

__n 2 1 2
InL= f§1n27ra - @Z(yl — )

OlnL OlnL
ou =0, o2 =0

— 5oz (yi—p)?

Solve the above, we obtain the MLE of y and o>

ﬂ = g7 o = -
Notice that &2 is biased and we adjust it to be unbiased as follows

S2 _ Z(yl 7@)2

n—1
§1.2 Prediction Problem
Given Y1,...,Y,, we want to predict a new Y, e.g., Y. An educated guess here is
Yo=Y
1. Predictor assumption: Yy = S aY;

2. We want Y; to be unbiased, i.e., EY, = 1

EY aY;=p
Z%‘EYz‘ZM
— Zai: 1
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3. Minimize the mean square error of prediction, i.e.,

FE (YO — YO)Q s.t. Zai =1

Notice that this is a constraint optimization problem, we use the method of Lagrange multiplier
to obtain

minQ = E (YO fYO)Q —2) (Za - 1)
Note: EW? = var(W) + (EW)?
minQ = var (YO —y“0> —2) [Zai _ 1}
= var(Yp) + var(Yp) — 2 cov (YO, Yo) — 2 [Z a; — 1}

:02—1—022%2—2/\ [Zai—l}

0
@ =20%a;, — 22 =0
aai
A
a/l‘—ﬁ
Notice that alzagz...:anzﬁ. So

Thus, we can see that
and therefore since }Afo =>"a;Y;, it follows that YO =Y.

. 1
YOYONN<0,U,/1+>
n

(n—1)82

2

Prediction Interval:

Recall from 100B

2
o ~ Xn—l

So,
Yo—Yo—0

ow/1+% YO 7?0

= ~tp_1
CBn-1)  S/1+7

We can now construct the prediction interval for Yy as follows

Yo — Y,
P —tomo1 < 0 -0

>~ Stg'nfl =1-«
1 2
Sy/1+1

Finally, Yo € Yo £ta,,-15,/1 + L.

I Remark 1.1. Compare this to the confidence interval for u: p €Y + t%;n,l%.



Duc Vu (Fall 2021) 2 Lec 2: Sep 29, 2021

§ 2 ‘ Lec 2: Sep 29, 2021

§2.1 Linear Regression

Consider a simple regression model

Yi = fo+ P Xi + e
orY; =51 X; +e

Data:

is it adequate
T J yes

theory

where the parameters are

{BO: intercept

51 : slope
and X1, ..., X, are predictors that are not random; &1, . . ., &, are random error terms/disturbance/stochastic
terms, and Y7,...,Y, are random response variable.

Assumption (Gauss-Markov Conditions):

E(g) =0, var(g) =02

€1,...,&n are independent. Using the Gauss-Markov conditions,

EY; = 3o+ 51 X;

var(Y;) = o

min@ = ZE?

minQ = > (Yi — fo — f1X;)°

9Q
a5 = 22 i fo— fuXi) =0

Q
5 = 2 i fo— X)X =0
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So,

Sxiyi— Bodwi — Py a? =0

nBo+Bid i =) yi
ﬂozmi+ﬂ12$? =z

{Zyinﬂoﬂlzxio

— normal equations

We can solve the above to get 307 Bl.

& Zg”") (@°) - ()

Y i) \B > TiYi

ﬂo [ n T\ (T

Determinant of the matrix:
WSt (Yw) = lzx T ]
= nz (x; — T
If 21 =29 =... =, =7 then Y (z; — T)? = 0. From normal equations we get
BO =7 - Blf from (1)

and plug (1) into (2) to obtain

B, = Yaiyi — =3 ) (i)
=

Mt - s
: 5 _ 2@ —T)(yi =)
B S 27
) 5, = 2Wi 9T
=Sy
or

B, = 2Ty — NIy
a2 — unk
Note: From (*), we have
5 2 (@ =Ty
61 e V—
> (xi —7)

T1 = T)Y; T — T)Yn
_ (-7 L (@ =)y

=k‘1y1+...+knyn:Zk;iyi
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where k; = % Notice that

> ki=0
1

= -

2K > (i —T)?
Zkixi = 72(% — :L‘i)a;, =1

> (zi —7)

Properties of Blz

Epy = Ezkiyi = Z’%Eyz

= Zkz (Bo + Brxs)
= 5027%4-512]%931‘

= 1 — unbiased

For the variance,

var(Bl) = var (Z kzyl)
= Z k? var(Y;)

g

> (i —T)?

Properties of Bo:
Bo=7—pT
Yi  _
= — = kiys
DTk
1
= Z ( - xkz) Yi
n
= Zliyi
i=1
where [; = % — Tk; and the properties of I; are
Zzi =1
1 2 1 2
2 _ — _ 272 -
Zli —Z (n —xkl> —Z <n2+-73 k'i - nxkt>

1.7
n Y (x; —7)2

Now, we can easily show that fBy is unbiased

EBy=EY lyi=» LBy
= Zli (Bo + Brxi) = Bo Zli + b1 Zliﬂfi

=fo
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Thus, ,
e () oo (S) = 2 = (1 + 557 5)

The fitted value is ) R .
Ui = Bo + Brwi =7+ P1 (2 — )

and the residual is defined as

with properties

Estimation Using MML:

Assume €1, ...,¢e, ey N(0,0). Then Y; ~ N (By 4+ 51X;,0). The log-likelihood function is

n 1
InL = —3 In27o? — 257 (yi — Bo — 51%)2

So, we need to solve
OlnL OlnL

- O’ -
0B 064

to get /30, Bl which are the same as least squares method.

0

OlnL n 1
D07 = 207 T 31 2 Wi = o= frei)? =0
6’2 _ 2612
n

Then,

—\2 ~ ~ _
i — = i — Ui TY; +
d wi-0=> |y .y Ui +7
in which we expand to get

Z(yz -7)? = 26? +Z(Z}z -7)?
—_— —— —

SST SSE SSR
in which
SST: sum of squares total
SSE: sum of squares error

SSR: sum of squares regression
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§3 ‘ Lec 3: Oct 1, 2021

§3.1 Gauss-Markov Theorem

Recall R
Br=)Y kY

by = Zaiyi

which is another unbiased estimator of 8;. Then Eb; = 1 or E ) a;Y; = 1. So

Bi=> a;EY;
= ai(Bo+ Hi1 X))
=BoY ait+ By aiX;

Zai =0
Zaixi =1

var(by) = var <Z aiYi> =2 Z af
i=1

Ti—T

where ki = S (2i—7)2" Consider now

Thus,

and we know that

and

0.2

() = ot K =

Now let a; = k; + d;. Then,
var(by) = o Z(kl +d;)?

:02216?4—02207?—1—2022&@

We need to show > k;d; = 0.

D kiai—ki) =) ki =Y K

_ Sz —T)a; B 1
>(@i -7 (i —7T)?
> xia4 Ty a; 1

So var(by) > var(f1) and therefore 3 is the best linear unbiased estimator (BLUE).

§3.2 Estimation of Variance

Using MML
0A_2 — Z 612

n

e TEG _ X [var(e) + (Eer)’]

Is it unbiased?

10
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Note: ¢; =Y; —Y; = Y; — By — B1Xi. So
Ee;=E |Y; — fo — 1Xi| = (Bo + A1Xi) — (Bo + S1Xs) =0

Then,
> var(e;)

E¢? = =
n

Notice that . .
e =Y, —fo— b Xi

or o B

ei =Y =Y = fi(Xi — X)
where V; =Y + Bl (X; — X). Substitute in and we get

var(e;) = var |Y; — Y — B1(X; — Y)}
= var(Y;) + var(Y) 4+ (X; — X)2 var(B1) — 2cov(V;,Y) — 2(X; — X) cov(Y;, 1)
+2(X; — X) cov(Y, B1)

Let’s compute each term there.

Yi = o+ 51X +e

var(V;) = o

— Yi+...+Y, +...4Y,
cov(Y;,Y):cov(Yi, (ki (e i )

n

1 1 1
=—cov(Y;, Y1)+ ...+ —cov(Y;,Y;) + ...+ —cov(V;, Y,,)
n n n

0.2

n
cov(Y;, B1) = cov(V;, Y kiYi)
=cov(Y;, k1Y) + ... +cov(Yi, kYY) + ... + cov(Yi, koY)
=kicov(Yy, Y1)+ ...+ kicov(Yy,Y;) + ... + Ky cov(Y, V)
5 X —T

> (2 —T)?

=c’ki=0
Note: A property of covariance
cov(aY,bQ) = abeov(Y, Q)

And for the last term,

. Yi+...+Y,
cov(Y, B1) = cov (1—‘_714_7 kY1 +...+ knYn)

Y; Y,
— cov(;l,lel ot kY .+ cov(?,lel ot kY,

2 2 2
o

e+ —ky
n

I
|
=
+
= |
3
+

11
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Now, we're ready to compute the variance

Therefore,

n 2_26?

€ n—2 n—2

§3.3 Distribution Theory

Let Y; = 8o + 51X, + ; and we assume eq,...,&, i N(0,0)

R R o
5122161‘1/1‘ — BlNN<517W>

N A 1 T
Bo=3"1Y; = fo~N Bo,a\/nJr

(n—2)S?

We will show 7-< ~ X2_, in the next lecture.

12
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84 ‘ Lec 4: Oct 4, 2021

§4.1 Centered Model
Consider the model: Y; = By 4+ 51 X; +¢;, i =1,...,n and Gauss-Markov conditions hold, i.e.,

var [g;] = o?
fori=1,...,n and €1, ...,¢, are independent (we assume e1,...,&, A N(0,0)). This is non-

centered model. Let’s look at a centered model

Y; = B0+ 51 X; £ /1 X + &

YVi=Bo+HX+ 6 (X —X) +¢;
Y, =7+ 51Z; +€; — centered model

where vo = 8o + /1X and Z; = X; — X.
Note: > z; =Y (z; —%) =0 and z = 0. So,

B = ZZ::((’Z’ — z))y; = 223:2132/% = EZ::((”TZ — x))y; — same as non-centered model
Zy — 2 Z; Ty — X

Yo=U—Pz=7y

Notice §; =y + Bl(xi — Z) which is the same as §J; of the non-centered model.

§4.2 Distribution Theory Using the Centered Model
Have

Y; ~ N (0 + b1 (Xi - X) ,0)

ﬂl ~ <ﬁlv W)

A=Y ~ N -
Y0 (707 \/ﬁ>

Now, let’s show that (n=2)S; X2_,. We have

o2

Y; — 70 — f1(X; — X)
g
—2
[Yi — 0 — B1(Xi — X)] y2
2 ~ A
ag

~ N (0,1)

It follows that o
Z?:l [Y;J — 7 — 51(Xi - X)]

2

N;\,fg
g

2 2
Notice that % = Zg—f Let’s manipulate this expression. First, let

> {Yi—70—51(Xi—y)i%i81(xi—y) i
5)

L =

g

13
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Then,
I > [yi — 40 — Bi(zi — F) + (B0 — 0) + (B1 — B1)(a; — T) ’
B > [ez‘ + (F0 —0) + (B1 — B1) (= *fr
- %2622 + n(’AYOU*2 ) + (B1 — 51)2022:(% —-7)° " 2(%0 *U’YQO) D€
i 281 — B1) Z;ei(xi —7) i 2(%0 — 70) (B —251) > (zi —7)
So far,

Z[yi—70—51($i—$)]2_(n—Q)Sngﬁ’o—%Jr[ B — B r

o2 N o2 a/\/n G/W
A7 ? Xf X2
Q=Q1+Q2+Q3

Let’s use moment generating function to find “?”. Notice that 1, @2, @3 are independent

Mq(t) = M@, +Qs+Qs
Mq(t) = Mg, (t) - Mq,(t) - Mq,(t)
We have

Note: f Y ~ I'(a, B) then
and

Let’s now find the distribution of s2.

52 =
€ n—2Q1
0.2
Mg () :Mnaf Ql(t) = Mg, ( 2t>
n+2
20.2 2
Mg2(t)=(1— t
sl = (1- 2750)

Therefore,

n—2 202
S2~T
€ ( 2 ’n2)

204

ES? = o? S = ——
“ =0, wvar(S)) —

14
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Another way to show this result is to use the non-centered model

~ N 2
5 (Vi = o — 51X+ fo + HiX,)

2

g

15
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§5 ‘ZLec5:(Dct6,2021

§5.1 Distribution Theory Using Non-Centered Model

Recall that we want to show ("_0722)53 ~ X372 using the non-centered model Y; = By + 51 X; + &; for

e1,... 60 U N(0,0). Then, Y; ~ N (8o + 81X;,0). Let

N N 2
5 (Y= o = BuXi + o £ 5 X,)
M = 5 ~ X2
g

Then,

> (yz — Bo — Brzi + (Bo — Bo) + (B1 — [31)$i>2

- 2

_ e nlbo—po) | (B-pPEat | 2h— o) Tei | 20— Te
o2 o2 o2 o2 o2
(ﬁo — Bo)(B1 — Br) X i
o2
_ X n n(Bo — Bo)? I (B — B1)? Zw 2(Bo — Bo)(B1 — B1) Y- i (%)
o2 o2 o2 o2
(n—2)52 ?

o2

Let D = BO + Bly =Y and consider

(Bi —B1)*> (D~ (Bo + A7)’ «
Var(Bl) + var(D) ( )

Note: 81 ~ N d

(ﬁ b \/zmi—w) o
Y, = Bo + 51X + &

_ Y; — €
Y = ;n =50+51X+7Zn

SoY ~ N (,80 + B X, \/ﬁ) and thus w N(0,1). Tt follows that each term in (*) follows

chi-square distribution with 1 degree of freedom. Now, we have
b~ 2, MBo—Bo)® | (Br=B1)® 250~ Bo)(bL— B
(B1=B1)° G- 1)? Z(xz—x)2+ ( 0(72 0) +( 1 ~ 1) —— (Bo o)( 1 1)Zx

_ (61 — B1)? (X a2 — n7?) n n(Bo — Bo)? n (81 — B1)?*nz> (50 —50)(51 B1) D i

o2 o2 o2 o2

(¥) =

)

which is equivalent to the last three terms of (**). We just need to show that

cov(Y,31) =0
cov(Y,e;) =0

cov(fi1,e;) =0
I Remark 5.1. Under normality, zero covariance implies independence.

16



Duc Vu (Fall 2021) 5 Lec 5: Oct 6, 2021

§5.2 A Note on Gamma Distribution
Let Q ~ T'(«, 8). Then

EQ = ap

var(Q) = af?
Mq(t) = (1 —pt)~*
a k

where

is the Gamma function.
Property:

If o is an integer, then

Recall that S? ~T (@ 20 )

2 'n—-2

ES? =%, var(S?) =

Is S, unbiased estimator of o?

I

Q
3
|| ™o
O

—
/~
O

ey

Thus, it’s biased and we can adjust the result to be unbiased, i.e., %.

If Y ~ X2, then
My () = (1—20)%

which is T’ (%, 2).

§5.3 Coefficient of Determination

Recall
Z(yz -7 = Z el + Z(Qz -7)°
—_—— —— — —
SST SSE SSR

where Y; =7+ Bl(ml — 7). We define R? as

SSR o SSE

2—7
i ©SST SST

17
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and 0 < R? < 1. We have

var(Y;) = var (y+ B — f))

_ <1+ (m—x)?z)
no ) (xi—T)

Another way to show this is to express Y; as a linear combination of Yi,...,Y,.

Y =7+ Bi(z; — )

LU 4 (0 3)Y

=> [i + (2 — 1‘)’%] Yj
var(V;) = 02y [i + (25 — a:)k:j} :

=02y [nlz + (z — )%k + 2(ﬂfri - I)’%}

(i)

Consider

Znyz —(2; =) Zkzyz = Z [az -l (x; —ZT)ki|

e =yi—9i =yi—T—Pi(xi—T) = > ayi— n

where

1, ifl=1
a; = .
0, otherwise

18
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86 ‘ Lec 6: Oct 8, 2021

§6.1 Variance & Covariance Operations

Have
cov (Z a;Y;, ijYj) = z”: zn:aibj cov(Y;,Y;) = Zaibi cov(Y;, Y;) = o2 Zaibi
i=1j=1

because Yi,...,Y,, are independent.

Example 6.1
Consider /3’0 and 51

cov(fo, B1) = cov (Z L;Y;, Z k:lY])

B o°T
T Y(@i—3)?
Or
CcCov (Bo, Bl) = COoV (? - Blya Bl
= cov (7, 31) — X var(6:)
. —Zo?
- Dl =)
Example 6.2

Consider Y, and }A’J

cov (YZ,?}) = cov (§+Bl(xi —E),y-i-ﬁl(mj _§)>
= %2 +0+0+ W 2
_ 1 (% —7)(z; —7T)

When i = j,

var(¥;) = o <Tll i H)

19
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Example 6.3 (Cont’d)
Notice that

Il

| =
L
—
&g
|
8
&

—_
<
I
£
<

§6.2 Inference

Construct a confidence interval 1 — « for 3

PL<Lp<U)=1-a

Know

A o

~ N ]

b1 (51 S o) >

and ( 252
n— e
Y2~ X o

Consider

cov (Bl, ei) =0

Under normality, since their covariance is 0, Bl and S? are independent. Thus,

e Bem
3% =2y Se/Vulri @)
Pivot Method: A
P (—t;;nz < Se/\/ﬁ% < t;;n2> =1—-a«a

and after some manipulation we get
A S, A S,
P (& —t%;n—mi,e <B <Hh +t‘§;n2-_e)2> =1l-a

We are 1 — o confident that

20
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For BO?

. 1 72
Bo~N ﬁoaa\/n‘i‘w

and we proceed similarly to obtain

ﬂ c B + ¢ S l+§72
0 0 Sin—2 e n Z(ZCZ — 5)2

Say if we want to construct a confidence interval for 8y — 231:

V&T(Bo — 231) = V&T(Bo) + 4var(31) — 4COV(BO781)

_ 2 1 EQ 4 A7
3 o 5
_ 2|1 (T +2)?
=0 |:n + S, x)2:|
So,
e (BO o\t S )
Thus, the C.I. is
Bo — 261 € [ﬂ0—2ﬁ1it7n 5 S, szjf)m)]

§6.3 Prediction Interval

Prediction interval for Yy when X = X. Let’s begin with error of prediction: Yy — YO. We know

o Yi=050+0Xi+e

e Yo =0+ B1Xo0+¢o

o Yo =fo+ B Xo
So

E(Yy—Yy) =0
var(Yy — Yp) = var(Yp) + var(Yg) — 2 cov(Yy, Yo)
=2
=g? (1 + % + z(:az(; wi)z)

We apply the same procedure in the inference section

2

YO—onwN(O,a\/lJr%Jr%

) = Yy Gf/oit%m_gse 1+ -+
("_22)55 ~ XQ 9 n

C.I. for EYj for a given X = X

—7T)2
YONN<5O+51X07 Z Oxz—;) )
(n—=2)S¢ o
wan 2
(zo — )?
:>EYOE}/0j:th2 S m

21
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§7.1 Hypothesis Testing

Consider the model:
Y =Bo+ /1 Xs + &

Example 7.1
Hypothesis testing examples

Hy:651=0, Hy,:p1#0
Hy:p1=1, Hy:p1#1
Hy:80=0, Hy:B0#0

Ho:B0+B81=0, Hy:B80+p1#0
Bo=155

H, } , H,: not true

=Bt

Let’s consider the following two-sided test

Hy: p1=0
Ha : B1 75 0
Recall under Hy,
Bl ~N (07 a) 3
Swor )\ TS
(n=2)52 | 12 Se/\/ 2 (x; — )
Tz -~ Ay o

We reject Hy if ¢ > tain—gort<—ta , o Using a 1 —«a C.I.
S
> (z —2)?

For example, for —2 < 8, < 2, we do not reject Hg.

B € B titon_2

p — value = 2P (t > t¥)

We reject Hy if p-value < a.
Test Hy : 1 = 0 using the F statistics. Under Hy,

B1~N (O, 72(% = x)2>

_ B0 ~ N(0,1)
o/ (v —7)?
Then,
Bt Y(ai —7)? 5
e
and we know ( )5'2
n—2)SZ 9
0,2 ~ Xn72

22
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Therefore, we can form the F' statistics

AR’y s -7
2% 0 —2) 52

~F o

Definition 7.2 (F Distribution) — Let U ~ X2 and V ~ X2 and U,V are independent. Then,

NFn,m

3l

We can observe that t2_, = Fy ,,_5. In general,

Z ~ N(0,1)
U~ X2
Z, U are independent
Z Z%/1
~t, = / ~ Fl,n
4 /U/n U/’I’L
Fl,n—?
(e}
ﬁ
Flfa;17n72
Let’s find the expected value of the F statistics.
e Denominator:
ES? = ¢?

e Numerator:
Ef? Z(:z:i -7) = Z(l'i — %)’ EB}
=Y (i —)? (var(Bi + (E5)?)
= Z(xl —7) (W + 51)
=0’ + /7Y (i —T)°

Under Hj the ratio is approximately equal to 1. If Hy is not true the ratio is greater than 1.

23
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Now, for Bg,

o~ N(0ofirsimm) | Bo

n—2)52 1 T2
DS L x2, Sev/n t 552

~tp_2

and consider Hy: 81 =1(81 —1=0) and H, : 81 #1 (81 — 1 # 0). Then under Hy,

3 —1
Bl ~ N(0,1)
o/ 2w —T)?
Test Statistics: R
pr1—1 ’
n—2

Se /S @i -2

Using F' statistics

and thus

24
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§8 ‘ Lec 8: Oct 13, 2021

§8.1 Likelihood Ratio Test

Consider
Y =51 Xi+¢
Hy:31=0
Ha : 51 7é 0
We know
o o
51 ~ N <07 Zx?)
(n— 1)53 2
0_2 ~ Xn—l
. 32 5~ 2
S0 test: ﬁjﬁ ~tp_1 and Fieg: ﬁlgé L~ Flp-1-

Likelihood Ratio Test (LRT):

For testing: Hy: 81 =0
For the model: Y; = By + 51 X; + &;

Show that this LRT is equivalent to the F' statistic.
We reject Hy if

L(w)

L(&)

where L(w) is the maximized likelihood function under Hy and L(®) is maximized likelihood

function under no restrictions. Under Hy : 81 = 0, we have Y; = B9 + ;. The likelihood function is

A= <k

L = (271'0'2)7%67% Z(yi*ﬂo)z

n 1
InL = ) In27o? — 257 Z(yl — Bo)?

=

o=y
L 7)\2

~ A~ 2
Under no restriction, the estimates are the MLEs of Sy, 81,02 which are 3y, 31 and 67 = % Back
to LRT, we have

Note:
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So,

—~
DN
3
Q>
N
~
|
N3] N3
Q\ Ch‘
3

N3

Q>
=N

Q>
O]

Notice that

So,

Yl 2
> ef + B (i —7)?
1 2

—_— < kn
1+ B8t Ez(:z;'z—w)Q

BN —7)? s

—1(n_2)53 >k n—1

B Y (x; — T)?
52

>(n—2)(k’%—1):k’

We reject Hy if

B2 (z; — 7)?
S2

/

>k

Recall we stated that we reject Hy if A = Ii&)”; < k. Let’s find k. First, we need « (type I error).
Before that, we know

B% So(x; —T)?

~ I
2 ;N
S2

So,

P (Fm_2 > k"HO is true) —a

§8.2 Power Analysis in Simple Regression

Using the non-central ¢ distribution

Definition 8.1 (Non-central t) — Let Z ~ N(6,1) and U ~ X2 and Z and U are independent.
Then,

Z

VU/n

~ t, (NCP = §)

Back to the t ratio. If Hy is true,
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follows central t,,_5 in which the numerator follows standard normal distribution. If Hj is not

true, then the numerator follows N <[31 W,l). Thus, the ratio follows t,_o (NCP =
w) Finally, the power is

1-— ﬂ =P (tn_Q(NCP) > t%m_g) + P (tn_2)NCP) < 7t%;n_2)
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89 ‘:Lecgz(act15,2021

§9.1

Extra Sum of Squares Method

So far, we have learnt several ways for hypothesis testing for, e.g.,

Yi = o+ 51X + e
Ho:ﬁlzo
Hazﬁl#o

which are

w

. t statistics

F statistics
Likelihood ratio test
Extra sum of square principle (reduced and full model)

(SSER — SSEF)/(dfr — dfr)

~Fy
SSEp/dfr tn=2
SSEF = 2612
dfp =n-—2

Under Hy: 81 = 0 we have a reduced model
YVi=ho+e = Po=7
Therefore SSEr = Y (y; — ¥)? and dfg = n — 1. Thus,

(i —9)*-2e€)/(n—1-(n—2))

>oei/(n—2)
Note:
dDwi—9P=>e+p> (-7
A
SST SSE SSR
So,
32 xX; T 2
EO LIS

28
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Example 9.1

Use the extra sum of squares method to test
Ho 5 61 =1
Ha : 61 7é 1
Reduced model: Y; = By + z; + &;
Yi—zi=p0o+ei
Po=7-T
SSER = Z (v — z: — (T - T))°

So, we have

SSERr = Z 6? =+ (Bl — 1)2 Z(ch — E)Q
Test statistics:

(SSEr — SSEr)/(dfr — dfr)
SSEr/dfr

= > @-DW—-9 =5 (z:.—%)?

=) (Wi—7—(z:i—7)
=Y Wi =0+ (@i —7)> 2> (& —F)(yi —7) ()
Note:
YD wi-97=) e+ (z-7)?
5, - o - T — )
2oz —T)?

() = Z e; + B Z(xz -7)* + Z(ﬂfz — )2 - 26, Z(xl _7)?

(T +B- 12w -2 -Te)/(n-1-(n-2))

> /n—2)

(B — 1)2 3 (a; — )
52

3 ~N[(1 —2o
{Bl ( ’ 2(&—@2)

(n—2)S? 2
o2 ~ Xn 2

~ Fip_2

Proof. Under Hy,

So,

2
(B1-1) /1
/v 2 (xi—T)?

(=952 /(n — 2)

(B — 1)2 3 (a; — )
52

~ Fl,n72

29




Duc Vu (Fall 2021) 9 Lec 9: Oct 15, 2021

§9.2 Power Analysis Using Non-Central ' Distribution

(Definition 92 — 1. Y ~ N (u1)then Y2~ X2 (0 = p?) A
2. Suppose Y ~ N (u,0)
Y 7
>~V (5
yﬁ 2
S~ 0=5)
- J

MGF of Y ~ X2 (NCP = 6). Then

N

Ifo=0 = My(t)=(1-2¢t) 2.
Consider now N
337}5,~~7Y% K“]V(ﬂag)
Yy
o2

Find distribution of @ = :—1: + ...+

1 b2 t "
Mq(t) = [(1 —2t)—zeé21m]

nu2

=(1—2t) 3o T
Q=T oz (0= 1)

o2 " o2

Non-Central F Distribution: Let U ~ X2 (NCP = 6) and V ~ X2. If U,V are independent, then

Ujn

~F,,, (NCP =0
V/m m )

Back to simple regression:

?zm—wwxf@ ol )

o2 o2
(n—2)S2 2
T Y L x
o2 n—2
pi2(zi=®)” 25 (g — )2
DG (o=
57 =/(n—2) o

Thus,
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§10 ‘ Lec 10: Oct 18, 2021

§10.1 Multiple Regression
Consider:
Yi= B0+ b1 Xi1t + BoXio+ ...+ B Xip +&4, 1=1,....n

where we have k predictors

Y, 1z ... zw| [Bo €1
Y, 1w oo x| | B €2
= +
Yn 1 Tpl -+ Tnk Bk En
Y =X3+¢
where
Y :n x 1 response vector
X :n x (k+ 1) regression matrix
B:(k+1) x 1 parameter vector
€ :n X 1 error vector

Assumption: Gauss-Markov conditions

E[SZ‘]ZO, i:l,...,n

var(e;) =02, i=1,...,n — E[e] =0, var(e) = o°T
€1,€2,...,Ey are independent
Y,
Let Y = | : | be a random vector with mean vector
Y,
Y EY, 1
n=EY]=E|:|=|: :
Y, LY, Hn

and variance covariance matrix

O’% g12 ... O1n
J921 O'% ... O92n
S=FE[Y - p][Y —p]= :
Opl Op2 ... 0'721
Y —
Yo — po
) Yi—p Yo—po ... Yo— i)
Yn _Nn

31
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a
Properties: Let a= | : | be a vector of constants and let a’Y be a linear combination Y. Then
(29
E[@Y]=aEFY =a'u= Z a;fu;
var (a'Y) = a'Sa

Let A be an m x n matrix of constant and consider AY (m x 1 vector). Then

E[AY] = AEY = Ap
var (AY) = AXA’

Using the Gauss-Markov conditions

EY = E[XB +¢] = X33
var(Y) = var (X8 +¢) = 0’1

Estimation of S using Least Squares:

1. Geometric interpretation of least squares — orthogonal projection

X' (Y-XB8)=0
XY - X'X3=0
X'X3=X'Y
B=(XX)"'XY
which is the least squares estimator of .

2. Minimize the error sum of squares
min @ = Z 6?
ormin@ =¢’e but Y =X3+e. Or
min Q@ = (Y — XB8)' (Y — X3)
Then,

minQ = Y'Y - Y'X3 - BX'Y + 8 X'Xz3
= Y'Y - 2Y'X3 + BX'X3
2Q _

-0 *
5 *)
Note: Matrix and vector differentiation:
01
Let @ = [ : | and g(8) be a function of . Then
Op
o
og0) [
00 69.(9)
00,
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Let g(@) = ¢’0. Then,

99(0) _
00~ ©
Let A be a symmetric matrix and consider g(6) = 8’A@. Then,

99(0)
——= =2A0
00
So apply these result to (*), we obtain

2X'Y +2X'XB8 =0
X'XB =X'Y

which is known as the normal equations. Notice that
B=XX)'XY

which is OLS estimator of 3.
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§11.1 Multiple Regression (Cont’d)
Recall that
Y =Xg3+e¢
Ele]=0
var(e) = 0’1
Least squares:
: 2 . /
mmZei =e'e=(Y -X3)(Y -Xp3)
Normal Equations:
X'XB=XY = B=(XX)"'XY
Note that X is not a square matrix, so X’X has to go together in order for it to be invertible.

X =(1,%x1,X2,...,Xk)

1/
<! n  1'x; 1xy ... 1'x
1 / / / /
, < x11 xix1 XX e XXy
XX = |"*2 [1 X1 X ... xk] =
x.’ x,1 Xpx1 ... XpXg
k

which is a symmetric (k4 1) x (k + 1) matrix. We have

Z 2
X1X1 = xil

I
X1 X2 = g Ti1T4q2

Partition X and 8

= (1 X))
(ﬁﬁ(?)))

Y=(01 Xq)(Bo Bw)+e
Y = 5ol + X(0)Bo) + €

X
B

Model:

Then,
, 1
X'X = 1 X
(X(m’) 1 X))
_( n 1IX(0) >
X'l X0)X(0)
So

oo e )
: B(o) X1 X)X [ XY

34
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Also,
1’ 1Y
XY = Y =
[Xm)'} [X'@Y]
Fitted Values:

}A/i = BO + leﬂ + Bgl‘ig +...+ kaik

}:/1 1 T11 12 N L1k gO
Y2 1 T21 X292 e T2k Al
= ] , B2
Y, 1 Zp1 Tpo ooo Tk | 4
Bk
or X )
V= X3
or R
V=X (X'X)"'X'Y =HY

where H =X (X'X)_1 X’ which is n x n “hat” matrix.
Properties of H:

1. H = H symmetric

(ABC) = C'B'A’

2. HH = H - idempotent
X (X'X)'X'X(X'X)'X=H

trH = tr | X (X’X)"! X'] = tr [(X’X)"'X'X] = trI;41 = k + 1. Notice that the property

of trace is

tr (ABC) = tr (BCA) = tr (CAB) # tr (BAC)

4. HX =X or H(1,x1,...,xk) = (1,X1,...,Xk)

Residuals:

ez:yl_gl i:17"',n

e=y-y
e=y—xf
e=Y-HY

e=(I-H)Y=(I-H)(X3+e¢)
=I-H)XB+(I-H)e
=(I-H)e

Overall, we have two expressions for e

Notice that the error sum of squares

SSE=) e?=ee=[I-H)Y[(I-H)Y]|=Y I-H)Y

" SSE=[I-H)e] [I-H)e]=¢'(I-H)e
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Properties of 4
a2 _ I~ —1~gt _ / —1 7 _
Eﬁ—EKXX XYﬂ_mxm X'X EY = 3
=B
which is unbiased.
var (3) = var {(X/X)f1 X’Y} = (X'X) " X/o2IX (X'X)
1

=0 (X'X)"

which is variance covariance matrix of 3. Specifically,

VYoo Vo1 ... Yok
« Yio0 Vi1 ... Uik
-1
var (B) =0?(X'X)" =07
Vg0 Vk1 .- Ukk

var (Bg) = o2vgo
Var(Bl) = oo,
cov (Bl, 62> = o%v1o

where )
(X'X) = {Uij}izl,...,n;j=1,.4.,n
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§12 ‘ Lec 12: Oct 22, 2021

§12.1 Gauss-Markov Theorem in Multiple Regression

Let B = (X’X)" ' X'Y be the least squares estimator of 8 and let b = M*Y be an unbiased
estimator of B (not the least squares). Let’s define M* = M + (X’X_IX’>.

b is unbiased
Eb=p

because
EM'Y =3

or
EM+ (XX ) X|Y=5
(M +(XX)! X’) X8 =7

MXS3 + 8=
MX =0

Check var(b).
var(b) = var (M*Y) = var [M +(X'X) XY

Note:
var(AY) = AXA’

where var(Y) = ?I. Then,
var(b) = o? [M +(xX'x)~ X’} [M’ +X (X’X)_l}
= 0> MM’ + 0>MX (X'X) " + 02 (X'X) ' X'M’
+o? (X'X) T XX (X'X) !
=2 MM + 0% (X'X) "
= o> MM’ + var($;)
A matrix B is positive definite if for a non zero vector a

a’Ba>0

Aside Note:
var (aY’) = a'3a > 0

Now, let a be a non zero vector
a’MM'a = (M'a)’ (M'a)
=d'q

=> ¢ >0

Therefore, MM is a positive definite matrix and thus var(b) > var (B)
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§12.2 Gauss-Markov Theorem For a Linear Combination
We have

var (a’B) = a’ var (B) a
=o% (X'X) 'a
or

var (aOBO + alﬁAl + agﬁg) = a% Var(Bo) + a% var(Bl) + a% Var(Bg) + 2apa1 (:OV(BO7 Bl)

+ 2agaz cov(Bo, B2) + 2a1a1 cov(By, B)
Let’s compare it to var(a’b).

var (a'b) = a’ var(b)a
= o2’ [MM’ n (X’X)*l} a

= o2a’'MM'a + o2a’ (X'X) ™"

a
= o2a’MM'a + var (a’fi‘)
Thus, var(a’b) > var (a’,@).
Special Case:
0
0
a=11
0
0

var(b;) > var(5;)
§12.3 Review of Multivariate Normal Distribution
Normality assumption: &1,...,&, i N(0,4)

e~ N, (0, 021)
Let Y ~ N, (p, %)

_ B e s S vy om)

F0) = Gyg 1517 e

Consider
f(E) :f(sl) 'f(i2)'2"f(571) _ 1 ‘0'2I|7% 6_%5(021)715
f(é‘l) = 0\}%6_? i (27‘[‘)%

So

(271’0’2)_%67ﬁ6/€ = &~ N,(0,0°T)

’ ’ 147
My (t) = EetY = b #tat >t

where t =

38
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/Theorem 12.1 A
Let Y ~ N, (p, ) and let A be m x n matrix of constant and ¢ m X 1 vector of constants.
Using the joint mgf

AY ~ N, (Ap, AXA")
AY +c~ N, (Ap+ ¢, AXA)
- J

Notice that

Y +XB+e
€ ~ N,(0,0%1)
EY =Xz = Y ~ N, (XB,0°T)
var(Y) = o’1
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§13 ‘ Lec 13: Oct 25, 2021

§13.1 Theorems in Multivariate Normal Distribution
Consider: Y ~ N, (p, %)

1 1 1
f(Y)—W

B re2 (y—p)'S  (y—p)
My (t) = BeY = ' mtat'=t

Proof. Let Z ~ N (0,I) and Y = $27 + p. Then, the spectral decomposition of X is

A 0
S =PAP, A=
0 An
¥2 = PA*P’

So,

Mz (t) = Bet'* = Betra1ttinzn
= Bel'*t . Fe'22 . Pelnn
— ezt

My (t) = ME%ZJru(t)

v (22z+n)

(E%t)'z

= Fe
=ef'MEe

Let t* = £3t. Then
My (t) = i pet’ 2

’ ’ 1%
:et ”Mz(t*) _ et ;1,62t TBA

’ 14/
— tnt3tSe 0

Theorem 13.1
Let A be m x n matrix of constants and C be m x 1 vector of constants. Then

AY + C ~ N, (Ap+ C,AXA’)
AY ~ N, (Ap, AT A’)

Proof. We have

May i c(t) = Bet' (AY+C)

— t'C L pe(AY)Y
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Let t* = A’t. Then
MAy+C(t) = et c. My(t*)
— HC Lt it e

_ et'(Ay,—i-C)—i-%t’AEA’t

Thus, AY + C ~ N, (Ap+ C,AXA’). O
(Theorem 13.2 A
Let Y N, (u, X),
Ql) (lh) <211 212)
Y = 9 =] 9 2 =
<Q2 H Mo 391 X
Note that
Yi
Y,
Y = Ys
Yy
Ys
Then,
Ql ~ NP (“‘17 211)
Q2 ~ Np—p (1, X22)
- J
Proof. Use the above theorem
Q= (I, 0)Y =AY
Then,
EQ; = FAY
_ (I 0) (Hl)
Ko
=
var (Qq) = var (AY)
_ r_ Y1 X I
=AA'=(1 0) (221 222> (0’)
=3
O

If A =a’ (row vector), then 8'Y ~ N (a’u, v a’Ea).
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(Theorem 13.3

Independence for Y = <Q1>
Q2

YNN(“’vz)v /1':(”1)
K2

s (Zu D
o1 X
Then, the MGF is
t'p+it' St
My(t) =e" K2
— et,lliq-i't/gll’z-l-%t/l211t1+%t’2222t2+t1212t2
If 212 = 0, then
My(t) _ et'ly1+%t'1211t1et'2p,2+%t'22]22t2

= MQ1 (tl) . MQz (t2)

Thus, Qi, Q2 are independent <= cov (Q1,Qz2) = 0.

~

For AY,BY, we have
cov (AY,BY) = AXB’

Theorem 13.4

We have
Q1‘Q2 ~ Ny (py + 212555 (Qz — o), Z11 — 12355 o)

Back to multiple regression
Y =XB+e, e~ N(0,0°T)
Y ~ N (XB,0°1)
Then, the likelihood function is

1 -1 1 21\~
L= = (02]) 2 ¢ 3xB)(o7]) T (y—xB)
f(y) @t (°I) e
or
L= (277(72)7%67%02(3’*"[3)1(3’*":6)
1
InL = —ZIn2n0? - > (y = xB8)' (v - xB)
Thus for £,
(91nL ~ —1
=0 =(X'X)" XY
pE =0 — - (XX)
and estimation for o2
OlnL B I 1 , _
902 252 + 204 (y—x8) (y —x8) =0
Y .
L (Y=x8) (Y-X8) e

n n
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Now, e = (I - H)Y = (I — H)e. Therefore,

fe=Y (I-HY=I-H)e

/
N e
52
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§]x1‘ Lec 14: Oct 27, 2021

§14.1 Mean and Variance in Multivariate Normal
Distribution
Consider

Y=X3+¢

e~ N, (0,0°1)
= Y ~ N, (X3,0°1)
Joint pdf of Y is

n

f(y) — (27.‘.0.2)_2 e—ﬁ(y—xﬁ)/(y—xﬁ)
Using the method of maximum we obtain the MLEs of 3 and o2
B=(XX)"XY

which is the same as the least squares estimator. And

o (rox) (v-xB) e
n

n
Note that e = (I — H)Y or e = (I — H)e. Therefore,

ee=Y'(I-H)Y or ee=¢(I-H)e

So
~2 1 /
E6® = —Fe'e
n
1 !
=—F |[{I-H)e
n %/_/
scalar
1
= —F[tr(I - H)ee']
n
1
=—tr[E(I-H)ee]
n
1
=~ [(I-H)E (e€')]
Note:
S—EB(Y - ) (Y- p)
EYY' =%+ pp
where
E(e)=0
var(e) = 0’1
Then,

B6* = tr (T~ H) (6T + 00')

1
Ztr(I-H) oI
. T ( Yo

o2

= ?tr(IfH)
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Let’s compute tr (I — H).
tr (1— H) = tr(I) — tr(H)
= tr(I) — tr [X (X'X)"! X’}
— tr(I) — tr [(X’X)*1 X/X}
~ (L) — ()
—n—k-1

So,

—k—-1
E&zzazin
n

which is biased. Therefore, the unbiased estimator of o2 is

/ /
g2 _ 52 n e'e n e'e

¢ n—k—1 nn—-k—-1 n—k—1

In simple regression (k =1 — one predictor)

e'e e2
5% = :722
- n—2 n—2

Now, let’s find the mean and variance of Y and e.

A~

Y =HY
EY =HEY
— HXJ
Note: HX = X.
var (Y) = var (HY)
=o’H
For e,

Ee=FE[(I-H)Y]
= E[Y - HY]
=XB-Xg
=0

var(e) = var [(I — H)Y]
=o?(I1-H)

§14.2 Independent Vectors in Multiple Regression
IfY ~ N, (u,X), then AY and BY are independent iff

cov (AY,BY) =AXB' =0
Apply this result for multiple regression

cov (Y,e) , Ccov (ﬁ,e)
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or use

(Z) - ((If{;{[)y) = (IE{H>Y:AY

var (AY) = Avar(Y)A'
o (M) 1 1o
= (Ig I ° H)

Y and e are independent. Similarly, we can show that B and e are independent.

Y ~ N, (X8,021).

§14.3 Partial Regression

Consider
X = (X; Xa)

with the following three models

Y =X84+e = B, =(X,X;) ' X,Y
Y =XoB,+e = B, =(X,Xy)  X,Y

and
Y:X,@—FE or Y:X1,31+X2,82+€
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§15.1 Partial Regression (Cont’d)

Normal equation:

X'X3=XY
using
X! > (B
X' = ( 1) and 3= <A12)
X5 B
Then,
X XiX; XiX
N 1 _ 121 182
xR = (X’2> (o %) = (ngl X5X2>
and

and the normal equations are

XiX, X(Xo) (B _ (X4Y
X4X, X4Xs) \B,,) — \XpY

Then,

X X181, + X X28,, = XiY (1)

X5X1815 + X5X28y = X5Y (2)
From (1),

X/1X1ﬁ12 = X/lY - X/1X2521
So,

Bz = (XX1) " X{Y — (X1 X1) ™ X Xofy, (3)
[ —
B

Let’s find By, by substitute (3) into (2).
XX [(X4X0) KLY - (X0X) 7 XXl ] + KXol = XY

X5 X1 (X5X1) 7 X4Y — X5Xy (X4 Xq) ™ X XafBy, + (X5X2) By = X2'Y

Then,
(X6X282 ) — X5Xa (X4 X1) " XXy = X5Y = XpXs (X4 Xa) ' X4 Y
X [T X (X4Xa) ™ X4 | XaBy, = X [T-Xq (X4X0) ' X4 | Y
X5 1~ Hy] Xafy = X5 [[- Hi] Y
X5 (1=~ Hy) (I- Hy) Xof3y = X5 (I-Hy) (I-Hy) Y
(1= H) Xa] (T~ H) Xz] By, = (1~ H) Xo|' [(1 - Hy) Y]
Note:

I-H)Y=Y"
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which is residuals from regression of Y on X;. Suppose

X2 = (X3 X4 X5)

Here kK =5 and
X = (1 X1 X2 | X3 X4 X5)
where
X;=(1 x1 x2), Xo=(x3 X4 X5
Then,
(I*Hl)X2 = (I*Hl) (X3 X4 X5)
= [(I—Hl)Xg (I—Hl)X4 (I—Hl)X5]
= X,*
So,
(XE XS) By = X; Y*
and thus
. !~ * -1 ' x7*
Ba1 = (Xz X2) XY
Special Case 1:
=1 Xq)

X

Bo )
o (ﬁ(m
Now, let’s use partial regression to find B(O).
Regression Y on 1: Y = g1 + € and

y1—y
_ 1
Y'=I-H)Y = [1—1(1’1) 11’}Y: [1—11’} Y = :
n :
Yn _y
X?O)regress X(o) on 1
>(k0) = (I-Hy)X(g)
1
(1 ),
n
[ 1 1
= (I - 11') X1,. .., (I — 11’) xk]
L n n
(211 —T7 ... Tp— Tk
To1 — %1 ... Top — Tk
_xnl_xil cer Tpk — Tk
pr
Finally, to estimate the vector of the slopes Boy=|:
Br
= 11 —T1 ... X1k — Tk
-y To1 — %1 ... T2k — Tk
We regress : on
n =Y Tpl —T1 ... Tpk — Tk
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~ ’ -1 ’
to get By = (Xi5)Xfo))  Xfo)Y* where

i} 1
X(O) = (I - nll/) X(U)
* 1 i
Y =(I--11"]Y
n
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16.1 Partial Regression (Cont’d
§ g

Consider:
Y=X3+e¢
Then,
B=XX)"'XY
The partial regression of Y* on X3
P */ 7% -1 ' <7 *
Bo1 = (Xz XQ) XY
ie, Y*=X30,+e.
Special Case 2: Begin with
Y=X3+¢

with k predictors. Then, we add an extra predictor Z. The new model is
Y=XB+cZ+e¢
Use partial regression to estimate c.
1. Regress Y on X — e residuals
2. Regress Z on X — Z* residuals.
3. Regress e on Z* to get
¢ = (z*’z*)_1 z"e
or , ,
z'e oz’
Z*/Z* - Z*/Z*

¢

Change in the error sum of squares when a new predictor is added in the model

Y=X8+¢ (1)
Y=XB+cZ+e (2)
Residuals using (1)
e=Y —Xg3

Residuals using (2)
u=Y — X —¢éZ

Now, we need to find &
Y=XB+cZ+e¢
Y=(X Z) (ﬁ)+s
c
Y:w(ﬂ>+e
c
Y=wn+e

Normal equations:
wwn=wY
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or
X'Xd + X'Zé = X'Y (1)
Z'X6+2'7¢=7'Y (2)
From (1)
6= (X'X) ' [X'Y - X'Z¢
or

6=B8-(X'X)"'X'Ze
Now back to u
u=Y - XB+X(X'X) ' X'Zé - ¢Z
u=e— (I X (X'X) x’) Zé

=e—[I-H|Z¢
=e—7Z%¢
The SSE is
SSEXZ = u'u

= (e —Z%¢) (e — Z*¢)
=c'e —2Z" et + Z* 7"
=e'e — 20°Z* 7" + Z* Z* ¢
—ele— Z¥ 7%

Thus, we can conclude that adding a new predictor would never increase SSE, i.e., u'u < e’e. Note
that the new R? is

uu
Rz =1 SST
_, ee N VAN AL
SST SST
YA AT
= R%x + —5g7

So, R%, > R%.

§16.2 Partial Correlation

Consider
Y = Bo + B1Xi1 + BoXio + €5

where
Y;: income
X;1: age
X2 : number of years of education

e Regress Y on X; — Y* residuals.

e Regress Xy on X; — X3 residuals.

o1
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) cov? (Y*,X3)
TYX, X1 = var(Xg*) var(Y*)
= (07 -7) (o - Fas )]
S (X5-X2*)? (v -V7)?

(X YrXe)
(X352 (oY)
(Y*’x;)2
- (X5X3) (YY¥)

Another method:
e Regress Y on Xy, Xs, ..., X1 > Y™
e Regress X on X1, Xo,..., X1 — Xi.

2 _ SSE(Y on Xi,...,X3—1) —SSE(Y on X;,...,X;)
VAR e SSE (Y on Xi,...,Xx 1)
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§17.1 Constrained Least Squares

Consider
Y=X3+e¢

We want to estimate 3 subject to a set of linear constraints of the form ¢3 = v where C : m x k+1,
B:k+1x1land~y:mx 1.

Suppose k =4
Bo+2B81 —3B82+583—Ps=5
280 — B1+ B2+ 383 =10
or
Bo
(1 2 -3 5 —1> i _(5)
2 -1 1 3 o) %]~
B3
B4

We still minimize (Y — X8 (Y — X3) but now subject to ¢c3 = .
Method of Lagrange Multipliers:

minQ = (Y — XB8)' (Y — XB) +2X (cB —v)

So,
% — 9X'Y +2X'XB +2cA =0
Solve for B to get Bc
B.=(XX)" XY~ /A
B.=B—-(XX) A

Now, we need to find A. So
cB,=cB—c(X'X) ' cA
y=cB—c(X'X) " cA
1 R
A= {c (xX'x)"" c’} (c,@ - 7)
Therefore,
A A -1 ~
Bo=B- (XX e(XX) | (cB-7)
Fitted values:
Y P Z Rt B =1 17
Y. =XB, = X3 - X(X'X) e [c(XX) c] (cﬂf'y>
Residuals:
$ N1 =1 17
e.=Y-Y.=e+X(X'X) C[C(XX) c] (c,@—'y)

Error sum of squares:

SSE. = e;ec

= {e—l—X(X’X)1 c {c (X’X)ilc’}_1 (c,@ —'y)]/ [e—i—X(X’X)lc’ [c (X’X)71 c’}_l (cﬁ —’y)}
=ee+eX[.]+][.]Xe

-1 -1

+(eB—n) [exx) "] e Xx) T XX (XX) e cxx)™'¢/] - (cB-)
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Finally,

/

oo (63 [eoxx ] (e )
We can deduce that SSE, > SSE.

MLE of o2
2 €le
n
For the constrained model .
~2 eceC
o; =
n
and
552 — (n—k—1+m)o?
¢ n
Method Using the Canonical Form of the Model:
cB=n

=l e 0= (3)

ci18) +cBy =7
B2
1 2\ /(8 3 5 -1 (5
GGG S ) )= ()

Back to the model using the same partition we get
Y =Xi8, +XoB8; +¢€
Then,
Y = Xic; [y — c2fy) + XofBy + €

Y - chl_l"y = (Xg — X1C1_1C2) By +€
Yr = XQT/B2 + e

which is the same form as Y = X8 + €. Thus,

~ ’ 1 ’
ﬁQc = (XZTXQT) XQTYT

and therefore,

Bre=ci! (’)’ - CQBQC)

Overall, )
B.=B- XX [e(xX)e]  (eB-7)
or R
=[]

which is from canonical form. Next, let’s find the mean and variance of 3,.

EB.=8

Notice that

8. = {I - (xfx)*1 e (xfx)*1 c'} - c} B+ const = AB
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So .
var(B,) = o2A (X'X) " A/

or using the canonical model

var(f1.) cov (Bw Bzc)

Var(BC) - cov (Blcwé2c) Var(BQC)
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Consider:
Y =Xg3+¢
E1yv-vsEn il N(0,0)
e~ N, (0,0°I)

Then, Y ~ N, (X3,0°1)
B=XX)"'XY
B Nt (B.0° (X'%)7)
By ~ N (B1,0+/v11)

Voo Vo1 .o Vok
(X’X)_l V10 V11 ce. U1k
Vi1  Uk2 oo Uik

§18.1 Quadratic Forms of Normally Distributed Random
Variables
We have

a) Z ~ N, (0,T)

b) Z ~ N, (0,0°I). Then,

In multiple regression,
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¢) Y~ N, (,5°I)

Y — s
Y ~ N (ui,0) = Fi L N(0,1)
g

2
<Yz‘_/ii> ~X12
o

2
Z(Yiam) NX,%

(Y — ) (Y — )

o2

~X)
In multiple regression

Y ~ N, (X8,0°1)

(Y -XB) (Y - XB)

~ X2

n

d) Y~N,(p,X2), use V= »2 (Y — p). X is symmetric matrix

3 = PAP/
A1 0
A2
A =
0 An
where |3 — M| = 0. If x is a new zero vector such that ¥x = Ax, we say that x is an

eigenvector of ¥. Normalize the eigenvectors so that they have length 1
(Alv 91)7 ()\27 92), EERE ()‘n; en)
ee; =0, ele;=1
P= (e1 en)
PP =1
3 =PAP' = \jej€] + hseze, + ...+ \en€,

Result:

Properties:

¥ = PA2P’

¥2 = PA?P’
2%)/ — %3
YN =3
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Back to the transformation

So, V.~ N, (0,I). Then V'V ~ X2 and because V = i (Y — p), it follows that
(Z ) (v =) (Z7) (Y= ) = (Y = ) S8 (Y = o) ~ &

Therefore,
(Y —p) S (Y —p) ~ X

In multiple regression
B ~ Nyt (57 o (X/X)il)

We want to create a X2 random variable using the distribution of 3. Let V = (X’X)é (B — ,8).
EV = (X'X)*E (B-8) =0

var(V) = var {(X'X)% (B - ﬁ)]

— o2 (X'X)? (X'X) L (X'X)?

=c°1

We have so far

(p-p)xx(p-8)
= ~ Xk+1

Summary:

~ X2

{ (Y-XBY(Y-XB) ., y2
k+1

(5-8) X' X(5-p)

Problem 18.1. Show that (n_ii_zl)sf ~X2 .
Proof. Have
A / ~
(Y—XﬁiXﬂ) (Y—XﬂiXﬂ) )

2 n

g

o8
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Rearrange and expand

(e x(3-8) (+x(3-8) _wo ex(3-5) (3-5)x

O'2 :0'2 02 + 0-2
B-8)xXx(3-p
-axx(an
ve (3-8 xx(35)
:?4— o2

Note: S22 = —°¢- — ee=(n—k—1)S?

n—k—1
n—k—1)S (@—ﬁ)/X’X(@—ﬁ)

(Y - XB) (Y~ Xp) Jo> = |

o2 o
~X2 g
*a NXI§+1
We know cov(83,e) = 0.
Q=Q1+Q
Mq(t) = Mg, (t) - Mq,(t)
Mq(t)
Mg, (t) =
@ (1) Mo, (1)
(1—2t)"%
(1-2t)~" %
=(1-2t)"">
e 2
SO, Ql = % ~ Xv?fkfl'
In simple regression, k =1,
(n B 2)56 2
o2 ~ Xn72
2
§2=—2
e n—k— lQl

So,

202t e
= 1 _—_—
n—k—1

2
Thus, 2 ~ T (2521, 2622 )

ES? = o?
20*

Var(SS) = m
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§19.1 Quadratic Forms and Their Distribution — Overview

1. Z~N(0,1)
Z'7 ~ X2
2. Z ~ N (0,0°1)
Z'Z )
o2 ~ A
and ,
e'e 9
2~

3. Y ~ N, (p,021)

o2 "
or
Y -XB) (Y -Xg
( )2( )ij

g

4. Y ~ N (u,3). From the spectral decomposition,
Vs (Y - p)
Then,
V ~ N, (0,1)

From 1), V'V ~ X2 or
(Y - ) =Y — p) ~ &7

B~ Newr (B.0% (X'%)7)

V= (X'X)* (5-8)
V ~ Ni41 (0,0°1)

From 2),
V'V
—3 ~ M
Finally,
. ! R
(3-8) xx(5-5)
~ X2
0,2 k+1
Also, recall that we showed in last lecture
(n—k—1)82
s~ X7 s

g
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§19.2 Another Proof of Quadratic Forms and Their
Distribution

1. Let Y ~ N, (0,I) and Z = P"Y where P is an orthogonal matrix where PP = I. Then,
Z ~ N, (0,1).

2. Let A be a symmetric and idempotent matrix. Then the eigenvalues are 0 or 1.

Proof. Have Ax = Ax. Multiply both sides by x’
x'Ax = Mx'x
x'AAx = \x'x
(Ax) (Ax) = Ax'x
Nx'x = Ax'x
Therefore, A\ =0 or A = 1.

Question 19.1. How many 1’s?

Using the trace of A,

tr A = tr (PAP’)
= tr (APP’)
=trA O

3. Let Y ~ N (0,1) and suppose A is a symmetric and idempotent matrix. Then Y’'AY ~ X2
where r = tr (A) (number of eigenvalues equal to 1).

A =PAP' = Y'AY = Y'PAP'Y =Z'AZ from 1)

Then,
YAY =22 4224+, 22~ X2

where Z ~ N, (O,I) = 2, ~ N(0,1), and so 27 ~ X}

4. Use the previous theorem (3.) to show that Mfizl)sz ~X2
/
522% — e/e:(n—k—l)Sz

WTS: €2 ~ X2,

Proof. Have
e=(I-H)Y
( ) :}e:(IfH)E
Y=XB+e¢
Therefore,
/ /I_H ’
ce_dl-He e me_ o q-me
o2 o2 o o

where € ~ N (0,I). Using the theorem above (3.), we conclude that

w! % n — k -1 SS
e (I-H)e" = % ~ Xoa-m) = Xp iy
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§19.3 Efficiency of Least Squares Estimators

Let § be an unbiased estimator of 6. Then,

var (é) > %w)

This is known as the Cramer-Rao Lower Bound. Recall the score function

_ dln f(x;0)

S 00

and the information matrix

1) =F (W) = —%w = var(.9)

and nl(0) is the information in the sample. An estimator is efficient if
e It is unbiased

e its variance is equal to the Cramer-Rao lower bound.

Also,
8?InlL

1(0) = ~E=

for Yi,...,Y, iid

62



Duc Vu (Fall 2021) 20 Lec 20: Nov 10, 2021

§20 ‘ Lec 20: Nov 10, 2021

§20.1 Information Matrix and Efficient Estimator

Let Y7,Y5,....Y, i N(u,0). Is 7 an efficient estimator for p where

Eg=p
2

_ g
var(y) = -~

Consider the pdf
1
f(yl) - 0\/%
L= (27r02)7% ¢ 507 Zwimm)?

__n 2 1 2
InL = —§ln27r0 - @Z(yi — )

olnL 2 1
aIL :@Z(yz‘*u)ZE(zyrnu)

2
e~ 2oz (Wi—h)

L p
o2 o2
Cramer-Rao Lower Bound:
11 o?
~Eoet = (%) »n

Thus, 7 is an efficient estimator for y.
Let 0 be the estimator of 6.

1. EO=0

2. Find var(@) and compared it with the inverse of the information matrix I-!(0) where

8*InL 9*InlL 8%InL
067 80,00, " 96,00,
82InL 9*InlL 8%InL
86,00 062 Tt 90,00
I0)=-£| 7" ’ o
8*InL 9*InlL 8%InL
80,00, 90,00, - 902
In multiple regression: g, f1,- .., Br, 02
Y=XB+¢
e ~ N (0,0°T)

Y ~ N, (XB,0°T)

1
— InL=——In2m0® — — (Y — XB) (Y — XB)
2 202

1
InL = ,g In2ro? — — (Y'Y - 2Y'XB + BX'X)
g

Then
8%InL 8%InL 8%InL 8%InL
032 0Bo0B1 77 0P00PBk 9B0do?
8%In L 8%InL 8%InL 8%InL
081080 65% e 0108y 8[3160'2 82 InL dln L
_ . . . . _ 8B03’ 8B
1(0) =-FK : : : : =-L 8§1nL 9%In L
22InL 9 InL 22InL 8 InL 00208 9(c2)@
0BKdBo  OPrOB1 T a8}, 9Br0a?
8%InL 8%InL 8%InL 8%InL
0052000 902061 e 6B£ 8(0—2)(2)
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Then,
aé%L - —2%2 (—2X'Y + 2X'X3)
92In L 1 X'X
opop ~ 22 XX =5
0*InL 1
OlnL n 1 ,
B2 = 502 T gpa (Y T XBN (Y = XP)
9?lnL n 1 ,
9(02)® —Q—E(Y—Xﬂ) (Y —Xp)
5 L]  n n_n
A(02)@ ] 204 ot 204
Thus,

X'X X'X
— 0 0
1(0)2(0‘72 n):(?;/ n)
204 204

1(6) - (aQ(X’X)—l 20)

n

Notice that E3 = 8 and var(8) = 02(X'X)~!. So 3 is an efficient estimator of 3.

Si=——p— BESI=0
4
var(S2) = %
§20.2 Centered Model
Consider Y = X3+ &
X=01 Xq)
o= (ﬁﬁ;))

Then,
1
Y =5l + X(O)ﬁ(o) +e+ ﬁll/X(O)B(O)

Rearrange this expression and we obtain
Lo Lo
Y:601+511 X(O)/B(O)+ I*ﬁll X(0)5(0)+€

1 1
= ")/01 + Z,B(O) + e

Estimate the centered model

G\ _(n VZ\T(UY\_(n 0\ (1Y
Bo) \Z1 7z zvy) \o zz 7Z'Y
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Thus,

I
<

Yo
P ~1

Bo =(22)7'Z'Y

1 -t 1

4 * ! % *
:(%ﬁ@)X@Y

I
—

Observe that Y ~ N, (fyol +ZB ) 021). Then,

(Y — Y1 — Z:@(O))/ (Y — %1 - Zﬁ(o)) 22

2 n

o
e Fitted values: Y = 190 + ZB(O)
ee=Y-Y=Y-15 - ZB

Note: Fitted values and residuals are the same for both models.
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§21 ‘ Lec 21: Nov 12, 2021

§21.1 Confidence Intervals in Multiple Regression

Consider . )
B~ N1 (g, o2 (X'X)™ )

Let’s find a 1 — a confidence interval for ;.

B1 ~ N (B1,0/v11)

(n—k—1)5?
I XY
B1-B A
oo T
(n—k[;l)si /n—k—1 Se /11
Br— B
g <_t§mk1 - Se/U11 Stgin—i-1 [ =1-a

Finally,
B1 € B £len—k-1"Se\/V11

In general, to construct a confidence interval for a’(3

a'B~N (a’,@7 oy/a’ (XX)7! a)

Then,
a'f—a'p
oy/a/(X'X)"ta ~typq
ek
\/(nfkgle)sz/(n —k—1)
af—ap
~tn—k-1
S.y/a’ (X'X) 'a
Finally,
aBeaB+ tam k1 Se\/a (X'X) 'a
Ifa=(0 1 0 0 ... 0)thena'8=4.
Prediction Interval for Yy: For a given X{ = (1 Tor To2 - .ka)
Y =Xg3+e¢
" ANE
=01 mor w2 ... wok) NN
Y, ﬁ En
So the predictor is R .
Yo = X65
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Error of the prediction is Yy — ¥ with E (YO — Yo) — BEY, — EYy = X},8 — X438 = 0. Note that
Yo = X§B8 + €0
var (YO - Yo) = var(Yy) + var(Yp)
=g+ 02x6 (X’X)i1 X0
=02 (1 + x5 (X’X)f1 xo)

Then,

Yo — Yo~ N (0,0\/1 +x) (XX) xo)

(n—k—1)5?

2
2 ~ ankfl

g

With this, we can construct a t ratio

Yo—Yo R
a\/1+x6(X’X)_1xo - YO - YO t
= ~ln—k—-1
Db DS~k —1) Sey/14xp (XX) " xo

and the prediction interval for Yj is

Yy € f/() + t%;n,k,1 . Se\/l +X6 (X’X)_l X0

For a given x( = (1 To1 To2 .- wok), Yy = x(,8 and

Yo~ N <x6ﬁ, oy/x) (XX) 7! x0>

(n—k—1)5?

2
2 ~ ankfl

o
SO the confidence interval for EYj is

EYy =x(B € Yo £ ta;n_j1-Se\/xp (X'X) " xo

§21.2 Hypothesis Testing
Suppose k = 5 then
Yi = Bo + B1Xi1 + o Xiz + B3 Xiz + BaXia + B5 Xis + &4
Suppose we want to test
1. Hy: 51 =0,Hy: 1 #0
2. Hy:fB3=2,Hy:P3#2
3. Hy:B2—f5=0, B2 —B5#0
4. Hy: By = B =0, H, : not true
5. Ho: 1= 2 =33 =4 =[5, Hy:not true or By =0, By # 0
As the above can be expressed using
Hy:CB =7~
H,:CB#~
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.C=(0 10 0 0 0),7v=0
22.C=(0 0 0 1 0 0),y=2
33.:¢=(0 010 0 —1),y=0
001 00O 0
4. C= 000 0 0 1>,7(0>.Check.
)=
C_ =
p (55 0
5.
01 0 00O 0
0 01 00O 0
C=|0 0010 0|, =10
0 00 010 0
000 001 0
orC:(O I)

In general, C is m x k + 1 matrix.

Hy:C8=~v = cB—v=0
Hy:CB#~y = cB-7#0

Consider C,@ — ~ and find its distribution under Hy.
E(CB-~) =0
var (CB - 'y) —s2C(X'X)

Therefore,

CB—~~N,, (0, o2C (X'X) ! C’)
and let )

V= [C (X'X)"! c’} o’ [CB - »y]
Then EV =0

var (V) = L xm

So, V ~ N, (0,02T) and LY ~ X2,

(cB-n) (cxm ') (ch-n)

,@ and S? are independent. Therefore,

(cB—) (c(x'x) ') “(CB—)

o2 /m

7("_12_21)83 /n—k—1

~ Fm,n—k—l

or

(CB - 7)/ (C (x'x)~! C’) - (Cﬁ - 7) -

mn—k—1
mS?2
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§22 ‘ Lec 22: Nov 15, 2021

§22.1 F Test for the General Linear Hypothesis
Consider:

Hy:CB =~

H,:CB#~

Under Hy : C3 — vy~ Np, (07020 (X/X)_l C/>

(cB-) (c(x'x)'c’) " (ch—)

) ~ X2

(nilz_iizl)sz ~ X,,%fk-fl

A o ! -1 - ; B
s N

Reject Hy if I > Flfa;m’n,kfl
Note: EmS? = mo? — expected value of the denominator. Expected value of the numerator (using
properties of trace) is

mo® +(CA—~) (C(X'X)™ C') s

If Hy is true, the second term becomes 0 and the expected value is approximately equal to 1.

§22.2 F Statistics and ¢ statistics in Multiple Regression
Suppose Hy : f1 =0, H, : 81 #0, k=5 and m = 1. Then,
C=(0 1000 0), v=0
and C,@—’y:ﬂAl. Then the F' statistics is
i
3621111

Now we test Hy : f1 = 0 using the ¢ statistics

~ Fl,nfkfl

B~ N (0,017 B
(n—k—1)S? 2 = S ket
i eviu

2
Thus, t;_,_1 = F1n_k-1-

Suppose
H() : a’ﬂ =0
H,:a'B#0
t-statistics: a’3 ~ N (O, oy/a’ (XX)7! a) and
(n—k—1)5? 9
T I b de
Then,
a'

~ln—k-1
S.y/a’ (X'X) 'a
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§22.3 Power Analysis in Multiple Regression
Let Y ~ N, (u,I). Then Y'Y ~ X2 (NCP = p'p). Let Y ~ N,, (, 0°T). Then,

Y
Yo (2)
g o
Y'Y /
— A2 (NCP: “f)
g g

Let Q ~ X2 (NCP = )

When Hj is no true,
CB—~~N, (cg —~,02C(X'X) T c’)

(c(x/x)’lc’) -3 (CB—)

o

Let V =

. Then,

o (cxx)c) “(cs-) |

g

(c8—) [eorx) o] (0a—) (. @8- [cxx el -

p) m 2

g g

and the non-central F' distribution

U~ X2 (NCP = 0)} U/n
_— —

~ Fym (NCP =10

where U,V are independent. Apply this for the power analysis

1 —1

eaetsxel” (cp-q) [coen) o] (ch-)
(n—k‘—zl)Sg/(n _k_ 1) = msg ~ mn—k-1
with NCP = ‘C"“”/[C(X"?:C’}_1(03—7)
figure here

The power is
1- B =P (Fm,nfkfl (NCP = 6) > Flfa;m,nfkfl)

§22.4 F Statistics Using the Extra Sum of Squares

Under Hy : C3 = ~, we have a constrained least squares problem with
B.=B-xx) "¢ [cxx)c](cB-)
and , .
SSE, = e /e, = e + (Cfi - 'y) [C (X'X)"! C’} (CB - 'y)
Using extra sum of squares

(SSE. — SSEr) /(dfr — dfr) o F
SSEF/dfF dfR—df r,dfF

70



Duc Vu (Fall 2021) 22 Lec 22: Nov 15, 2021

where dfp =n —k—1 and dfg =n — (k—m) — 1 so dfg — dfr = m, e.g.,

k=5
Hy:B1=03=0
Full:n—-5-1
Reduced : n —3—1
— m=2

Thus, / )
(cB-v) [cxx)"c] (cB-7) 3

m,n—k—1
mS?2

which is the same as method 1.
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§23 ‘ Lec 23: Nov 17, 2021

§23.1 Testing the Overall Significance of the Model

Consider

HO:/B(O) =0
HaZ,B(O) #O

We can test this hypothesis using the F' test for the general linear hypothesis

(cB-~) [cxx) ] (cB-v)
52

~ Frn_k-1

where m = k in this case. We can also use the following test statistic

MSR SSR/k
MSE  SSE/(n—k —1)

Note: SSR = (CB - 7)' [C (X'X)"" C’] o (CB - 'y) where C = (0 Tj).

§23.2 Likelihood Ratio Test

Consider:
Ho: By =~
Ha : By #
We reject Hy if i
A= L((z) <k

where
e L (w) : maximized likelihood function under Hy
e L () : maximized likelihood function under no restriction

Note that
Y=XB+e = Y ~ N, (XB,0°I)

Thus, the likelihood function is

L= (2r0%) % e mz v (r—xB)

Without any restrictions
-1

B=(X'X)"'XY

and

o xB) (-5B) e
g1 = " = —

Under Hy,

B.=B-xx)"'Ccxx)" ] o (cB-~)
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and ,
9 (y - Xﬁc) (y - Xﬁc) e’cec
0—0 pr— fr—
n n
Back to LRT, we have
1 e'e
2m62) 2e 298 °°
A= (2755) — - <k
(2m62) 2 e 207
Replace
ele. = néy

e'e =no?
We obtain

e 2

— < k=

ele,
Also,

o / _ -1 o
ele.=¢ee+ (Cﬂ — 7) [C (xX'x)" C'} (Cﬂ — 7)

Thus,

! < kw

14 (Cp—) [cxx)"*c] " (CB—)

We see that if Hy is true then CB ~ -« and therefore the ratio above is approximately equal to 1. If
Hj is no true then the ratio above is less than 1. Manipulating the above expression, we have

(CB—’y)/ [C (X’X)—l C/}*1 (CB—'Y) - (k_% _1) n—k—1 _

!/
mS?2 g

m
Use significance level « (type I error) to find &’ (rejection region).
P(Fm’n,kfl > kl) =«

Therefore, k' = Fi_amn—k—1-

Flfu;m,nfkfl

§23.3 Multi-Collinearity

This is problem when some predictors are highly correlated with other predictors.
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Example 23.1

Suppose k = 2.
Hy:p1=p5=0

Use F statistic
H, : at least on 3; # 0
Suppose we reject Hy (at least one b; # 0). Then test 81 = 0 and Sy = 0 individually.

Hotﬁlzo Hotﬁgzo
Hy:81#0  Hy:B2#0

Suppose we don’t reject Hy is both tests. This contradiction between the F' statistic and the ¢
statistics is a problem caused by multi-collinearity.

Multi-collinearity inflates the variance of BZ and therefore the corresponding ¢ statistics will be
small. To explain this we will use the centered and scaled model

Y =71+2ZB +e
where Z = (I - 111") X(;). Or
Y=+ B1 (Xa — X1) + B2 (Xi2 — X2) + ... + B (Xiw — X&) + &
where 1 =1,2,...,n. Or
Yi =10+ B1zi1 + B2Zi2 + ... + BeZik + &

where Z1,...,Z; are the centered predictors.
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§24 ‘ Lec 24: Nov 19, 2021

§24.1 Centered and Scaled Model in Matrix/Vector Form

Consider the centered model
Y = ’}/01 + Z,@(O) + €

1
Yo = Bo + 51'X(0)5(0)
:50+51i1+o~+5k§k

1
Z = (I — nll’) X0

Yi =70 + Bi(zin — T1) + Ba(wiz — T2) + ... + B(@ix — Tk) + &
=" + 6121 + B2Ziz + ... + PuZik + &

or

Centering and scaling: multiply and divide each centered prediction by /) (z;; — T;)%. Then,
(x1, — T (zir, — Tg)
=% + 51\/ (zi1 — —_— \/ (Tip — —_—
\/ 33 il — 1‘1 \/ x ik — Z‘k

Yi=9 +01Zsi1+ ...+ 0 Zsir. +€i

or

where

8; = Bi\/ Y (wi; — T5)?
xij —Tj

Zsij = —\3
> (@i — ;)

From the centered model
Y = ’}/Q]_ —+ ZDi1 D,B(O) +e
Z. N——

JO)
where
> (@i —71)? 0
D= .
0 > (Tik —Tk)?
Then
Y = '7()1 + 256(0) + 154
Note:

1. 1Z,=1ZD ' =1'[I- 11| X (D' =0’
2. Z1=0

z,
3.ZZ= | ¢ | [Za ... Z]
z,

(0]
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Let’s examine Z;Zs; and Z'; Z

Ti1 —T1
Ny SrmEy .
7 7 = [ i1 —T1 o Tn1—Ty :| . _ Z(Iil — ‘Tl) -1
= BRI D VT
Similarly for Z,Zss,
g > (zi1 — T1) (T — Ta)/n — 1 _
s1és2 — — 5 — 9 = V12
V2 (@i = T1)2/ Y (w2 — T2)?/n— 1
Then,
1 T12 oo Tk
, T21 1 ce. T2k
27, =R =
Tkl Tk2 -.. 1

Estimation of Y = o1 + Z,6() + €
%\ (11 1z /UYN (n 0 \ /1Y) (i o iy
S0 \Z.1 Z.Z, zY)~ \o 2.z, zv)=\o @zz)')\zy

Yo=Y

which is the same as the estimate of 7 of the centered model. And

So

d) = (Z,Z,)" Z,Y
Properties:

Eé = (Z.Z2,) ' Z.EY

= (2.2:)"" Z, (101 + Z. o))
=0+ (2.,2,)"" Z.Z:6 )
=0d(0)

var(b (o)) = var [(Z,Z,) ' Z,Y|
— 22R-!

Non-Centered Model:
Y=XB+eorY =pFl+XPBqp te

Centered Model:
Y =v1+ZBy te

Centered/Scaled Model:
Y =1+ ZS(S(O) +e

where

1
Yo = Bo + Ellx(o)ﬁ(o)
d(0) = DByo)
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So
.1, R
Bo = o — 51 X080
1 L
=y - gl/X(O)D 5(0)

By =D"o()

7
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§25 ‘ Lec 25: Nov 22, 2021

§25.1 Multi-Collinearity

Let X1, Xo,..., X, be predictors. Some predictors are highly correlated with other predictors.
Earlier we saw that 6; = 11/ (21 — T1)?

- 51
= > (@i —?1)2
var(Bl) _ var(01)

>o(xin —71)?

So let’s find the variance of 51 using the centered and scaled model.

1 r2 riz3 ... Tk
N 9 —1 9 T21 1 723 e T2k
var(d(p)) =0"R™" =0 ] ) ] = %
Tkl TE2  TE3 1

Therefore, var(gl) = 0?R7![1,1]. Using the inverse of a partitioned matrix

<A11 A12>1 _ ( Cry' —Cii Ciz >
Asr A —CyC;' AL +CyC'Coy
Here A11 = 1’ A12 = r/’ A21 =, A22 = RQQ, Cll = A11 — A12A2_21A21. Therefore,

2

. o
var(d;) = ————
(1) 1-— r’R;;r
We will sow that Var(gl) = % where R7 is the R-square from the regression of X; on
1
X9, X3,...,X. Instead, we can regress Zs, on Zs,,Zs,,...,2Zs,. Because we have seen that

the three models:
e Non-centered
o Centered
e Centered/Scaled

Here is the model

Zsit = g + 01 g + gz + ..+ ap_1Zsik + €5
SSR
R? ="
L ssT

SST = Z (Zsir — 751)2 = Z Z%

sil

But Y. 72 = Z.,Z, = 1. So far, we have R> = SSR = 3 | Zy1 — Zo1 | or R? = Y. 22
~—~
—0
Z;lzsl. Here, Zsl = HZ;, where H is the hat matrix using Z,, Zs,,...,Zs,. Therefore, R% =
Z,HZ,, or

’ ’ -1 ’
R =17, Z: (z: z*) Z:'Z,, =Ryt
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Earlier we found that

2 0'2 O'2

var(d;) = - vRy,r 1R

Now back to the variance of 31: R
5 var(01)

vt = > (win —71)?
Replace var(d;) = % we obtain

A 0'2

var(f1) = (1 — R Y (x — 71)2

Therefore, if R? is close to 1, then var(j3;) is large.
Detection of Multi-Collinearity: use variance inflation factor (VIF). For each predictor j compute
VIF;

1

W =1—p
J

where R? is the R-square from the regression of predictor x; on the other predictors. For example,
if VIF > 10, then R? > 0.90 which means x; is highly correlated with the other predictors.

§25.2 Generalized Least Squares

Consider the model:
Y =Xg3+e¢

So far we assumed the Gauss-Markov conditions. Suppose now

EFe=0

var(e) = 0>V

where V is a symmetric matrix of constants. If we use the ordinary least squares (OLS) estimator
B = (X'X)"' X'Y. We still get EB = 8 because EY = X3 but var(8) = var ((X'X)‘1 X’Y) -

0% (X'X)"" X'VX (X’X)"". Therefore, 3 is not BLUE because the Gauss-Markov conditions do
not hold. We transform the model as follows: let V=2 be the inverse square root matrix of V.
Multiply the model on both sides by V—2

VY =V iXB+V e
or
Y '=X"B+¢&*
Ee* =FE (V—%s) -
var (%) = var (V_%e) =2V IVV 2 = o2

with this transformation we see that the Gauss-Markov conditions hold. Therefore, we estimate 3
using

~ 7 -1 ’
Bops = (X* X*) XY
Replace X* = V:Xand Y*=V~2Y to get

Bers = (XVIX) ' X'V Y

79



Duc Vu (Fall 2021) 25 Lec 25: Nov 22, 2021

Then, the mean is
E (BGLS) = (X'VX) ' X'VIIEY = (X'VTX) I X'VTIXE =3
which is unbiased. And

var (Baps) = var (X'V'X) 7 X'VY) =0 (X'VIX)
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8§26 ‘ Lec 26: Nov 24, 2021

§26.1 Generalized Least Squares (Cont’d)

Estimate 3 by direct minimization of the error sum of squares using the transformed model
Y* _ X*B + Ef*
mine* e* or min (Y* — X*B)' (Y* — X*3). Replace Y* = V=2Y and X* = V- 2X. We minimize

min@Q = (Y - XB8) V1 (Y - X3)

—Y'V'Y —2Y'V X3+ X'V X3
9Q _
B

Bars = (X'VIX) ' X'VY

—2X'VY +2X'V1XB =0

Assume now € ~ N, (0, O'2V). Then, Y ~ N, (X,B,UQV> and

[ 02V[ 7} e 200 (07V) 5 x8)
o2
1
InL = —21n2ro? — —In|V| - 357 (y —x8) V1 (y —x8)
1%
OlnL
00

Bers = (XVIX) ' X'VY

Estimation of o2

e et o = XB) V (y — xB) = 0
52 — (y - XBGLS)/V_l (y - XIQGLS) _ (y* - x*ﬁGLS)/ (y* - x*[}GLS)
- eqLseaLs ' '
n

Use the properties of trace to find E&?

E&2 lE (y - XBGLS),V_l (y - X/@GLS)

n

1 .
-~ trv—! [var (y — X,@GLS> + 00'}

because E Y*XBGLS} =0. So
Y - XBas =Y - X [X'VIX] ' X'VY
= [-x(xvx) XV
So
; 2 v-lw) vyt -1 v—1x) "1 ¥
var (Y = XBas) = o* [1-X (X'V'X) 7 XV V[I- VX (XVIX) X

— 02V - o?X (X'V'X) ' X/
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Back to expectation
1 _
B6* =~V [0V - X (X'VIX) ' X|
n

= % [02 trI,, — o? trIk_H}

k-1
nZRF= 2 2
n

’
SQ __ ©grseGLs

. . 2 .
Thus, the unbiased estimator of 0= is S, . = ~2L5—=7

§26.2 Comparing Regression Equations

Suppose we have two data sets on the same variables

Y =X8;,+¢&
Y, = X320, + &2

1) 1)
Let ,81 = (,3(2)>, ﬁQ = (g(2)> . Note that
1 2

BV px1, BY:(k+1-p)x1, BY:(k+1-p)x1

Suppose we want to test ﬁgz) = ﬁg) (assume that the first p elements of 3; and B, are the same).
We can construct one model as follows

/6(1)
v _ (xV xP o @ |, (o
Yo Xgl) 0 XéQ) ) €2
B>
Therefore, Y = X3 + € and the hypothesis ﬁ? = ﬁ% can be tested using

Hy:CB =0
H,:CB8#0
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§27‘ Lec 27: Nov 29, 2021

§27.1 Comparing Regression Equations (Cont’d)
We can use the F' test for the general linear hypothesis

(c8-7) [caxxe]” (ca-v)

mn—k—1
mS?2

Example 27.1
Suppose kK =5 and p = 3. We want to test

1 2 1 2 1 2
Ho: B0 — 3@, 31— g® g _ @

H, : not true
00 01 O0O0

C=|0 0 001 0 0 -1 0
00 0 0 0 1

and

Bo
by
B2

By

(1)
gl

By

6(2)

(2)
Bs

In general,
C= (OkJrlfp,p Ik+17p _Ik+1fp)

Therefore,
C:(k+1-p)x(2(k+1)-p)

We can also test the hypothesis using the extra sum of squares principle. Under the null hypothesis,
the model is expressed as follows

()= (XD (5)+ (@)
Y,) T \x, x2)\p €

where 3" is the common beta subvector under Hy. Therefore,
(SSEr — SSEp)/(dfr — dfr) r
SSE /df dfr—dfr,df r
dfr=n—-p—-2k+1-p) =n+p—2(k+1)
dfr=n—-p—(k+1—-p)=n—-k—-1

83



Duc Vu (Fall 2021) 27 Lec 27: Nov 29, 2021

Example 27.2
Suppose k=5, p=14

Hos 0 = 60, 800 = 4
H, : not true

Formulation:
1 1 1 1 1
Y11 1 xgl) $§2) 33:(L3) $(4) 35&5) 0 0 e
1 20 0 Mm@ Bo
Y21 To1 Loy Loz  Tog Los 8 €91
; B2 :
T B B I RN 8 I
Y12 1 x(121) :c(122) x%) 0 0 x(li) x(125) 54(11) €12
IR O RN ol
. . ) 2 .
: : : : : : : : 2
we/ N1 @ o W 0 0 o2 B

000O0O0OT1 0 -1
dfF:n—S, de:n—G

C:<000010—1 0)

§27.2 Deleting a Single Point in Multiple Regression
We want to explore the effect of deleting a single point in multiple regression

e Effect on B

e Effect on S?

e Effect on fitted values

We can delete one point at a time and run a new regression each time to see the effect. But this
will require n + 1 regressions (one on the full data set and n regressions when we delete data point
i, =1,...,n). There is a more automated way and the result is based on the residuals, e;, and
leverage values h;; from the regression of the full data set.

Y=X3+¢
Suppose we want to delete data point ¢
Yo\ - (X £0)
(3) = (o) (%

where Y ;), X(;) are the vectors Y and matrix X after deleting point 4 from the data set. We are
working now with the model

Y =X»B+e)
B = (XX

where B(i) is the estimator of the vector 3 after deleting data point .

1
XY
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§28 ‘ Lec 28: Dec 1, 2021
§28.1 Deleting a Single Point in Multiple Regression
(Cont’d)

Let’s find expressions for X/(i)X(i) and X/(i)Y(i)

’ X i ’
X'X = (X(i) xi) ( X<, >) = X[ X i) + XX,
XX () = X'X — x;X]
Result: Let A be a square invertible matrix and b be a vector. Then
1 A —1
-l a-1, ATBbA
[A bb] =A +71—b/A_1b

Note: b’A~'b # 1. We can verify this as follows: multiply both sides by (A — bb’) to get
identity matrix both sides. In our problem A is X'X and b is x;. Using the result we can find

, 1 , , , Y, ,
(X X@) - Now let's find X(; Yi). From X'Y = (X{) Xp)) ( ) >) = XY (i) + xii. We

get X () Y (i) = X'Y = xiyi. Back to B, = (X(; X(1))

1 ’

L (XX) Ty

Bu =8 T, ©
Then )

~ ~ - (X/X)7 Xi€;

B—Bu="—"7_ »

This is the difference in the estimator of 3 before and after deleting data point 4.
Effect on fitted values:

Yi - YA;(i) = X;B - XQf?(i)
=x{ (8- B

{(X/X)_l €T;€;

Col—hy

_ hy

1—hy

€;

Finally, we can show that the error sum of square after deleting data point are connected with the
error sum of squares of the full data set as follows
e?

2 . 2 7

° Sg(i) is the unbiased estimator of o2 after deleting data point i

e 52 is unbiased estimator of 0% using full data set

e ¢;, h;; are residual ¢ and leverage ¢ using full data set

e=(I-H)Y
e;=(I- H)i Y
hii = X; (X/X)_l X;
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Adding a data point in multiple regression

Y X €
() = ()2 (2)
Ynew = )(neW/6 + Enew

’

(Xnew Xnew) = (X/ XO) (3{2) =X'X + X0X6

Result: Let A be a square invertible matrix and 3 a vector s.t. 1 +b’A~'b # 1. Then

-1 B A~ 1pbb’ AL
(A+bb) =A™ -

Here A is X'X and b is xg. Also,

Y

X;lCWYHCW = (Xl XO) (y
0

> = XIY + XoYo

Finally,
~ - (X/X)71X060
6new - 6—’_ 1 —|—h00
where e = yo — x3 and hgo = X, (X'X) ! xo.
§28.2 Influential Analysis

Internally studentized residuals

eiNN(O,O'\/l—hii)} U\/% e;

= > = h
\/(n—kg—zl)Se /(n B 1) Se\/l — Ny;

(n—k—1)52 2
o2 O S

This ratio does not follow a ¢ distribution because e; and S, are not independent. Let v; = ﬁ

Show that
v2

‘ 11
e — beta(2,2(n k ))
So we need to show that

2
€

SSE(L — ) ~ beta (;,;(n—kj—Q))
1. e= (I-H)e, thus
e;=c,(I-H)e
wherec¢;=(0 0 ... 1 0 ... 0)in which 1 is at the ith position. So
e?=cie; =€ (I-H)cic,(I-H)e

K2

2.SSE=¢'(I-H)e
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§29 ‘ Lec 29: Dec 3, 2021

§29.1 Influential Analysis (Cont’d)
Let’s express Wﬁh) as follows

e€(I-H)cic;,(I-H)e
e’ (I — H) E(l — h“)

Divide by o2
SI-H)ec;(I-H)E  Z'QZ
CA-H)E(1-hy) ZI-H)Z

o

Here Z = £ ~ N (0,I) and Q = (A-H)ejc;(I_H)

1—h;;
3. Have
(I H)c;c (I —H) (I H)c;c (I —H)
_ (I-H)cic;(I-H)cic; (I-H)
( hi;i)?
_(I-Hjec (1-H)
1— hy
=Q
Note c; (I-H)c; = 1 — hy. Thus, Q is symmetric and idempotent matrix. Because
N (0,1), it follows that Z'QZ ~ tr(Q)
(I-H)c;c; (I-H) c¢.I-H)I-H)c;
tr(Q) = tr ( 1 h, tr o
Thus, Z'QZ ~ X}
4. Back to the ratio
7Z'QZ B 7Z'QZ

ZI-H)Z Z(I-H-QZ+ZQZ
I-H-Q)Q=Q-HQ-QQ
HQ:W_O
Thus, Z' (I —H — Q) Z and Z'QZ are independent.
5. Consider
I-H-QI-H-Q=I-H-(I-HQ-Q(I-H)+QQ

=I-H-Q+0-Q+0+Q
=I-H-Q

Therefore, I — H — Q is symmetric and idempotent matrix. It follows that

A I-H-QZ~ XtZr(I—H—Q)

or
Z(I-H-QZ~X, ,
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Result: Let X ~ I'(a1,0), Y ~T'(ag,8) and X,Y are independent. Let U = X +Y and V = XL_H,
Then, U,V are independent and

UNF(OQ +042,B)

V ~ beta (a1, az)
Therefore,

7Z'QZ 11
~Dbeta| =, =(n—k—2
Z(1-H-Q)Z+ZQZ ea(2’2(" )>

Z'QZ ~ X% or Z/QZ ~T (1,2). Also,

1
ZI-H-QZ~X%2, ,or ~F<2(n—k—2),2>

We can conclude that TE ~beta (1,3(n—k—2))

n—k—1

§29.2 Externally Studentized Residual

Consider the ratio o
ti=————

Se@yV1— hi;

where S«?(i) is the unbiased estimator of o2 after data point 4 is deleted from the data set. Notice
that

2 — e7
! Sf(i)(l — hi;)
e2(n—k—2)

C(n—k— 2)52(1)(1 — hii)

But (n—k —2)S7,) = (n—k—1)S2 - © _ Then,

e(t 1—h;; "
2= e;(n—k—2)
i e?
[(n — k= 1)82 — 5| (1 ha)
e2(n—k—2)

- (n —k— 1)52(1 — h“) — 63

€

MS Ti2 = ﬁ — 622 :’I”?Sg(l —h“‘). Then,
t2: rng(l—h“)(n—k—Z)

‘ (TL —k— 1)562(1 — h”) — 7“22562(1 — h”)

_rin—k—-2) B

n—k—-1-7r2 1-B

(3

(n—k—2)

with —i - ~ beta (3,%(n—k—2)). From homework #10, exercise #b5: If

n—k—1 n—k—
B ~ beta (%a, %ﬁ), then
6B
-~ F,
o(1—B) o
Here a =1, 8 =n—k— 2. It follows that
B
t? = 1 (n — k — 2) ~ Flﬁn,kfg
and therefore o
i = - tr—he
SeiyV'1 = hii h
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§29.3 A Note on Valuable Selection

Effect on the regression when predictors are removed from the model

a) Effect on 3
Y =X3+¢

is the correct model or Y = X8, + X283, + €. Suppose we decided to use Y = X;3; + €.
Then B, = (X;X;)” "' X}Y and therefore

BBy = (XiX1) ' X (XaBy + Xafy)
=B + (X|X1) " X[ X,
which is not unbiased.
b) Effect on the variance covariance matrix of 3:

e From short regression: var(8;) = 02 (X;X;) "

e Long regression:

1 1

A , -1 _ _
var (B12) = o (X{X1) =0 (XI-H)Xy) " = 0 (X)X, - X{H X))

Result: If A=! > B~! then A < B. Then

[var (Bl)}il — [var (,312)} B = %X&ngl >0
var (31) < var <B1.2)
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